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1.

INTRODUCTION

In Computer Graphics, a wide class of applications requires to define a smooth direction field over a surface. For
instance, such a direction field was used in [Hertzmann and Zorin 2000] to place hatch strokes in a non-photorealistic
rendering application. Texture synthesis [Turk 2001] also uses direction fields to steer the placement of features over
the surface. Some remeshing methods [Alliez et al. 2003] create cells aligned with a direction field. Other possible
applications use a direction field to determine the topology of a shape [Ni et al. 2004].
A closer look reveals that what most of these applications use are not really direction fields, but objects of higher
symmetry. Usually, A direction field ~u defined on a surface S is simply a unit tangent vector field (~u.~u = 1, ~u.~n = 0).
However, most of the applications mentioned use objects invariant by rotation of π or π/2. For instance, the “natural”
result one would expect when smoothing two orthogonal direction fields on the cube-like object object shown on
the right connects the two direction fields around the corners of the cube. To our knowledge, this problem was
first mentioned in the Computer Graphics field by Hertzman et. al in their non-photorealistic paper [2000], where
they intuitively introduce the notion of “cross-field”. At the end of their paper, the authors mention in a footnote
that characterizing the singularities (points where a direction cannot be defined) of these cross-fields is an interesting
mathematical problem, involving an analog of Euler formula. This is precisely the issue we tackle here, by introducing
a generalization and a formalization of cross-fields, and a generalization of Poincaré-Hopf theorem to link the number
and types of singularities with the genus of the surface.
To characterize the underlying mathematical object, we need to define N-symmetry directions, which are sets of
directions invariant by rotation of 2kπ/N:
d~ = {~uk = R~n (~u0 , 2kπ/N)}
where R~n (., θ ) denotes the rotation by an angle of θ around the normal~n of the surface. In this paper, such objects will
be referred to as an N-symmetry direction field. Note that 1-symmetry direction fields correspond to classical direction
fields. Figure 1 shows some examples of 1,2 and 4-symmetry direction fields. As one can see, the symmetry has an
influence on the possible shape of the direction field around the singularities. Therefore, to understand the structure of
an N-symmetry direction field, we will study the relations between the topology of the surface and the topology of the
field. As an application, we will demonstrate an efficient algorithm to generate a smooth direction field that satisfies a
user-defined set of singularities (number, type and placement). Note that this was also mentioned as a key issue at the
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Fig. 1. Examples of N-symmetry direction fields interpolating user-defined singularities and directional constraints. A N-symmetry direction field
has singularities of index k/N, where k ∈ Z. The case N = 1 corresponds to vector fields, N=2 to line fields, and N=4 to so called “cross-fields”.

end of [Hertzmann and Zorin 2000].
Before entering the heart of the matter, we give an overview of the previous work in direction field processing.
Previous work
The main applications of direction fields defined over surfaces use the so-constructed direction fields to steer the
placement and orientation of elements over the surface. Those elements can be of various nature, depending on the
application domain:
—non-photorealistic rendering: In [Hertzmann and Zorin 2000], the constructed direction field is used to place
strokes for a non-photorealistic rendering application. The method they use to define and smooth a direction field (or
cross-field) shares some common point with ours: the variables used to represent the directions are angles measured
relative to a given arbitrary direction field. This paper follows the possibilities of future work and mathematical
investigations suggested at the end of their paper. The idea of using angles was also used in [Ray et al. 2005] to
construct a global parameterization.
—texture synthesis: in the lapped textures [Praun et al. 2000] and texture particles [Dichler et al. 2002] methods, a
direction field is used to control the orientations and sizes of texture patches distributed over the object. To generate
a smooth direction field, Lapped textures use radial basis functions, with geodesic distances computed over the
surface. The method presented in [Turk 2001] operates at the texel level, by using the direction field to steer the
anisotropy of a texture synthesizer. The direction smoothing procedure they use is inspired by [Gortler et al. 1996]
and is based on a multi-resolution Laplacian smoother. A similar procedure is described in [Ohtake et al. 2001],
with the addition of non-linear weights that preserve important direction field discontinuities.
—anisotropic remeshing: [Alliez et al. 2003] generate quadrangles aligned with two orthogonal direction field,
obtained by smoothing an estimate of the curvature tensor. The refinement presented in [Marinov and Kobbelt
2004] operates without a global parameterization and uses in a certain sense an explicit version of the Ohtake et.
al’s non-linear weights [2001] to preserve important features.
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In the specific case of a “cross-field”~v1 ,~v2 = R~n (~v1 , π/2), where~v1 and~v2 can be swapped (see the cube-like object on
the first page), most of the smoothing algorithms mentioned above use a local relaxation procedure, updating values
~v1 (pi ) and ~v2 (pi ) vertex by vertex. During these computations, ~v1 (pi ) will be influenced either by ~v1 (p j ) or ~v2 (p j ).
The algorithm chooses the direction nearest to ~v1 (pi ). In contrast, based on a combined topological analysis of both
the surface and the direction field, we will derive a global formulation of the problem (quadratic form), yielding more
efficient optimization procedures (conjugate gradient).
Some other applications aim at using the so-constructed direction field to analyze the shape of the surface. For
instance, fair morse functions [Ni et al. 2004] can be used to extract the topological structure of a surface. This
structure is computed from the Morse complex of a smooth harmonic function, with user-controllable number and
configuration of singularities. The gradient of the harmonic function is a direction field (with the same singular points
as the harmonic functions). It was used in [Zelinka and Garland 2004] to steer a texture generation method. Similarly,
[Gu and Yau 2003] compute a pair of holomorphic functions. These two approaches share some common point with
our approach, in particular, the ability of controlling the singularities. The main difference is that in the two methods
mentioned above, the direction field is defined to be the gradient of a scalar field (hence it is necessarily curl-free). In
contrast, we consider a wider class of direction fields, not necessarily curl-free. Moreover, we can represent a wider
class of singularities, with arbitrary indices.
Some more recent papers directly address problems related with direction field processing. For instance, [Polthier
and Preuss 2002] and [Tong et al. 2003] describe a procedure for computing the Hodge decomposition of a direction
field. This decomposition isolates some features of the field, and makes it possible to filter or to enhance them. In
[Tricoche et al. 2003], a method is presented to simplify the topology of symmetric, second order 2D direction fields.
A complete toolkit for interactive direction field design is presented in [Zhang et al. 2006], and then generalized to
tensors in [Zhang et al. 2006]. The tensor generalization uses a one-to-one mapping between the tensor field and a
direction field, permitting to reuse the algorithms (e.g. singular points cancellation).
Our work shares some similarities with Zhang et. al’s direction and tensor design, since it generates a smooth direction
field from a user-defined set of singularities. Our main result is a general formulation (N-symmetry direction fields).
The specific case N = 1 corresponds to direction field design, N = 2 corresponds to tensor field design, and N = 4
corresponds to cross-fields. To our knowledge, our work is the first one to give a mathematical characterization
(Poincaré-Hopf theorem) for cross-fields. The case N = 6 (see Figure1-B) may also have applications in surface
re-triangulation.
Contributions
—We introduce the notion of N-symmetry direction field, that generalizes direction fields. We generalize definitions
of turning number and index to characterize the singularities of a direction field (see Sections 2.5 and 2.6);
—We provide an accessible proof of an analog of the Poincaré-Hopf theorem, implying that the indices of the singularities of a N-symmetry direction field defined on a manifold surface S sum to its Euler characteristic χ(S ) = 2−2g,
where g is the genus of S (see Appendix A.1);
—We propose a discrete representation of N-symmetry direction fields for triangulated surfaces. The values of the
field are defined on the facets of the surface. In addition, a one-form attached to the edges of the dual represents the
variations of direction between two adjacent facets and enables representing singularities of arbitrary indices (see
Section 3);
—We describe an algorithm for constrained N-symmetry editing. From a user-defined set of singularities and an
optional set of points with fixed directions, our algorithm constructs a smooth direction field. If the indices of the
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user-defined singularities sum to 2g − 2, the constructed field has no other singularity (see Section 4).
2.

DIRECTION FIELDS ON SURFACES WITH BOUNDARIES

This section presents tools useful in the study of direction fields defined on surfaces with boundaries, and especially
to study their topology. Topology is the study of properties which are invariant by continuous deformations (without
cutting or gluing things), called homotopies. In other word, topology tries to answer the question: at what condition 2
objects are homotopic (can be continuously transformed one into another) ? For oriented 2-manifolds with boundaries,
the answer is that they need to have the same genus g (number of handles) and number of boundaries b. In fact we even
have S1 ≡ S2 ⇔ g(S1 ) = g(S2 ) and b(S1 ) = b(S2 ), where ≡ denotes the homotopic equivalence. What is even more
interesting is the structure of the set of homotopy classes (classes of all objects with same topology). For oriented
2-manifolds again, this set is isomorph to N2 , as to any pair of non negative integers (g, b) we can associate the class
of all 2-manifolds with genus g and b boundaries. This section adresses the same questions for N-symmetry direction
fields defined on a 2-manifold. To answer these questions, we will introduce the concept of turning numbers. As we
will show, turning numbers hold all the field topology, and generalises singularities which alone do not control all of
the field topology.
The intuitive idea is that when following a cycle, a N-symmetry direction might do an arbitrary number of N th of
turns before coming back to its original direction. Imagine you are traveling on the surface along this cycle with a
compass giving you the direction, then you can count the number of turns of the compass while following the cycle.
We call this quantity the ”turning number” of the field along the cycle, and we show that they capture the direction
field topology, because two direction fields are homotopic iff they have the same turning numbers along the 2g + b − 1
cycles of a homology basis (a basis for cycles on a 2 manifold). This shows that homotopy classes of direction fields
are isomorphic to Z2g+b−1 , or in other words that the topology of a direction field is entirely defined by 2g + b − 1
integers, which we call topological degrees of freedom (TDOF). A direction field has 2g + b − 1 TDOF corresponding
to the 2g + b − 1 turning numbers of basis cycles.
In this section, we will first provide the reader with some definitions of the main objects we will be handling throughout
this paper: surfaces, cycles, direction fields. Then we define the curvature for cycles and direction fields. We use these
curvatures to define formally turning numbers, and exhibit their fundamental properties. We finally explain how
turning numbers relate to field singularities.
2.1

Surfaces with holes

In this paper we call surface (or 2-manifold) S a topological space where each point has a neighborhood homeomorphic to the plane or half plane (on the boundary), hence it can be cut into a finite number of topological disks. The
surface S considered here is compact, connected and oriented, so that each point has a unique unit normal vector ~n.
S is homeomorphic to a sphere with b holes and g handles attached, for some (non-negative) integers b called the
number of boundaries and g called the genus of S .
2.2

Cycles on S

A cycle γ on S is a formal sum of oriented 1-manifolds without boundary (∂ γ = 0) embedded in S (γ ⊂ S ). We call
C (S ) the set of all cycles on S . A cycle γ has a unique unit normal vector ~nγ in each point, which is tangent to S .
This allows to define an unique unit tangent vector~tγ =~n ×~nγ on the cycle. (~tγ ,~nγ ,~n) form a natural local orthonormal
basis called the Darboux frame (see fig.2 right). Notice that cycles are not necessarily connected, so the term ”set of
cycles” would be more appropriate (but heavier in the redaction). We define the following notions on cycles (see fig.2
left):
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Fig. 2. Left: Cycles on a surface with holes. Red, light blue and purple cycles are boundaries whereas green and blue cycles aren’t. Only the light
blue cycle is contractible. Middle: A submanifold of S (in light color) and its boundary pointing outwards. Right: A Darboux frame on a cycle
(green) consists of the tangent ~tγ (red), conormal ~nγ (blue) and normal ~n (black)

—The reversal −γ of a cycle γ is the cycle with opposite orientation: ~n−γ = −~nγ .
—A cycle γ is a boundary if there exist a sub-manifold S of S such that γ = ∂ S. Orientations of boundaries are
significant because ∂¯S = ∂ (S \S). Boundaries are oriented in such a way that their normal points outwards (see
fig.2 middle)
—Two cycles are homotopic if one can be continuously deformed into another. More formally, γ0 ≡ γ1 ⇔ there exists
a continuous function Γ : [0, 1] → C (S ) such that Γ(0) = γ0 , Γ(1) = γ1 (C (S ) is the set of all cycles on S ).
—If S is a topological disk then γ = ∂ S is said contractible. The definition of contractibility for loops is that a loop is
contractible if it is homotopic to a null loop. Our definition of contractibility for cycles adds a notion of orientation
to this definition, as the reversal of a contractible boundary is not necessarily contractible.
—Two cycles γ0 and γ1 are homologic if γ0 − γ1 is a boundary.
—H(S ) = {γiH }i=1..n is called a homology basis on S if any cycle on S is homologic to a formal sum of basis
cycles: ∀γ ∈ C (S )∃a ∈ Zn such that γ − ∪ni=1 ai γiH is a boundary.
We use homology for cycles instead of homotopy because it is more flexible: homology allows splitting a cycle in 2
or fusionning 2 cycles whereas homotopy doesn’t. Moreover, homotopy basis become very complex on surfaces with
high genus and number of boundaries, because all base loops need to go through a common basepoint.
2.3

Direction field

A unit tangent vector ~u on S is a vector satisfying ||~u|| = 1 and ~u.~n = 0. We call N-symmetry direction on S a
set of N unit tangent vectors on S invariant by rotation of 2π/N around the normal. Hence, a unit tangent vector ~u0
allows to build a N-symmetry direction d~ = {~uk = R~n (~u0 , 2kπ/N)} where R~n is the rotation around~n. We call direction
~
field d~ on S a mapping which associates a N-symmetry direction d(P)
to each point P ∈ Sh , and DN (S ) the set of
N-symmetry direction fields on S . In the following, we will omit the term N-symmetry for conciseness.
Two direction fields d~0 and d~1 are called homotopic if there exists a continuous function D : [0, 1] → DN (S ) such
that D(0) = d~0 , D(1) = d~1 . Homotopy classes of direction fields can be characterised by what we call the turning
numbers of the field along some cycles. They correspond intuitively to the number of times the direction turns in
a local Darboux frame while moving along the cycle. We are now going to define the curvature of both cycles and
direction fields, which will be required for a rigorous definition of turning numbers.
ACM Transactions on Graphics, Vol. V, No. N, June 2006.
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2.4

Curvature

The curvature of a cycle expresses the angular variation of its tangent. If we call s the arclength on a cycle γ, we can
define the curvature of γ using the decomposition:
∂~tγ
= κγ~nγ + κS ~n
∂s

κS =

∂~tγ
.~n
∂s

κγ =

∂~tγ
.~nγ
∂s

(1)

—κS measures the normal curvature of S in direction ~tγ .
—κγ measures the curvature of γ in the tangent plane of S .
—∂~tγ /∂ s.~tγ = 0 by derivation of ~tγ .~tγ = 1 (~tγ is a unit vector)
We can similarily define the curvature κd~ (~tγ ) for the direction field d~ = {~uk } in direction ~tγ as:
κd~ (~tγ ) =

∂~uk ⊥
.~u
∂s k

(2)

where ~u⊥
n ×~uk is a unit vector orthogonal to ~uk in the tangent plane, such that (~uk ,~u⊥
n) is an orthonormal basis
k =~
k ,~
(it is the Darboux frame of the streamlines of ~uk ). The curvature κd~ is the same for all k ∈ N so it can be called the
curvature of d~ in direction ~tγ . In what follows κd~ will always refer to the curvature of the field in the direction of
integration.
These curvatures will now allow us to define precisely the turning numbers, which will be used to characterise homotopy classes of direction fields.
2.5

Turning number

The turning numbers of a direction field along a cycle corresponds to the number of rotations of the field along this
cycle. We will show that the turning numbers are characteristic of homotopy classes of direction fields, hence of their
topology.
For a direction field d~ and a cycle γ on Sh , we call turning number of d~ along γ the quantity:
Td~ (γ) =

1
2π

I

dθ (t) =
γ

1
2π

I
γ

(κγ − κd~ )ds

(3)

where dθ is the variation of the angle between the direction d~ and the tangent to the cycle ~tγ . As the angle θ itself
is defined modulo 2π/N, the turning number is necessarily a multiple of 1/N corresponding to the number of Nth
turns done by the field along the cycle (see fig.3). Note that since the turning number has discrete value, and that its
definition makes it continuous with respect to continuous transforms of both the field and the cycle, it is invariant by
homotopy.
Turning numbers have two fundamental properties which makes them useful in studying direction field topology:
T HEOREM 2.1 B OUNDARY TURNING NUMBER . Let S be a surface (2-manifold with boundary) embedded in 3space, then:
Td~ (∂ S) + χ(S) = 0

(4)

where χ(S) = 2 − 2g(S) − b(S) is the Euler characteristic of S.
T HEOREM 2.2 T OPOLOGICAL EQUIVALENCE . Two direction fields defined on a surface S are homotopic iff they
have the same turning numbers along the cycles of any homology basis H(S ) of S : d~1 ≡ d~2 ⇔ ∀γ ∈ H(S )Td~ (∂ S)
1
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Fig. 3. Left: The turning number of a direction field along a cycle corresponds to the rotation of the field in the local Darboux frame Right: The
turning number associated to a generator defines topology that cannot be captured by singularity indices. The difference of topology of theses
direction fields without any singular points is defined by the turning numbers of the generator (black cycle) which are respectively -1, 0 and 1

Both properties are proven for completeness in appendix.A. They allow to exhibit and understand all the topological
degrees of freedom of a direction field.
The Theorem.2.1 (Boundary turning number) is equivalent to the Poincaré Hopf theorem with a proper definition for
the index of a singularity, which will be developped in next subsection. It links the topology of a direction field with
the topology of the manifold it is defined on. As it is true for any submanifold S ⊂ S , it will give much insight on the
relations between turning numbers of cycles of S , especially on homologue cycles as their sum forms a boundary.
The Theorem.2.2 (Topological equivalence) shows that direction fields, as cycles, have homology classes isomorph
to Z2g+b , as a homology basis contains the 2g so-called generators of the surface and the b surface boundaries (ref).
As the turing numbers need to satisfy the surface boundary property (4), a direction field has 2g + b − 1 = 1 − χ(S )
degrees of freedom on a genus g surface with b boundaries.
2.6

Singularities

A typical definition for a vector field singularity is simply a zero of this vector field. For direction field in R2 , let P be
such a singularity. Then the index of this singularity is given by:
I~v (P) =

1
2π

vx dvy + vy dvx
v2x + v2y
∂ N(P)

Z

(5)

where N(P) is a small neighborhood of P containing no other singularities. The singularity is necessarily an integer.
It equals 1 for sources, votices and sinks, −1 for saddles, and an index of 0 corresponds to a degenerate singularity
(singularity that can be removed wthout changing the structure of the field). We can easily transpose this definition to
direction fields. In R2 , a direction field writes (dx = cos θ , dy = sin θ ) where θ is defined modulo 2π/N. A direction
field cannot have zeros (it has unit norm), and a direction cannot be defined at a singular point. Hence a singularity is
a ”hole” in the domain of definition of the direction field and singularity index rewrites:
Id~ (P) =

1
2π

Z

dθ

(6)

∂ N(P)

which is now a multiple of 1/N because θ is defined modulo 2π/N.
This 2D definition for direction field singularity index cannot be directly extended to surfaces embedded in R3 because
we lack a reference vector to define θ . However, we can show that in R2 :
Td~ (∂ N(P)) = Id~ (P) − 1

(7)
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As turning numbers can be extended to surfaces in R3 because the reference vector is the tangent to the cycle, this
allows us to extend the definition of the index of a singularity on a surface in R3 to:
Id~ (P) = 1 + Td~ (∂ N(P))

(8)

With this definition for the index, we can now proove the Poincaré-Hopf theorem generalized to N-symetry direction
fields:
T HEOREM 2.3 P OINCAR É -H OPF . The sum of singularity indices on a closed surface S equals its Euler characteristic: ∑bi=1 Ii = χ(S ) = 2 − 2g
Proof: Notice first that this theorem is on surfaces without boundaries, so the number of boundaries is absent in
the Euler characteristic. Let us call Pi the point of index Ii and Sh = S /{N(Pi )} (surface with holes in place of
singularities), on which the field is continuous because it does not contain the singulartities. Applying the boundary
turning number theorem 4 to Sh yields:
b

b

T (∂ Sh ) = T (∂ S ) − ∑ T (∂ N(Pi )) = − ∑ (Ii − 1) = −χ(Sh ) = χ(S ) − b
i=1

i=1

b

⇒

∑ Ii = χ(S )2

i=1

The concept of replacing singularities with holes allows to unify singularities with borders in a single object. Moreover
holes are topological objects which are very well understood through cycle homology. In the following, we will use
again this idea of replacing singularities with holes.
Notice that singularities do not hold all the topological degrees of freedom, because a homotopy basis also contains
generators of the surface, which do not enclose any singularity (they are non disconnecting). This justifies why we
need the concept of turning number to capture the direction field topology, and not only the singularity indices.
The next step is now to use the concept of turning numbers to build a representation for direction fields allowing direct
control over the topology through the turning numbers.
3.

DISCRETE DIRECTION FIELD

We will now see how to build a discrete representation for a direction field on a mesh which will allow us to explicitly
control direction field topology. The first step is to settle the ambiguity inherent to the interpolation of cyclic variables.
so we can solve the problem of smoothing (minimizing the curvature) under constraints on the topology (constraining
turning numbers).
3.1

Discretization and period jumps

Let M =< V , E , F > be a connected orientable mesh, with b boundaries and of genus g. As any vertex vi ∈ V can
hold a singularity, the direction fields we consider are defined on Mh = M/{N(vi }, which is the mesh from which we
have removed small neighborhoods around the interior vertices. Hence, we have χ(Mh ) = χ(M) − |Vi | = |F | − |Ei |
(|Vi | and |Ei | are the numbers of interior vertices and edges) As the tangent plane is not well defined on vertices, and
that they may hold hold singularities, we will discretize the field at the center of each facet. This is done by choosing
a reference direction d~0 in each triangle (for instance a triangle oriented edge), and defining its direction d~ through the
angle θ it forms with d~0 .
This representation however leaves an ambiguity in the behavior of the fields between points. As any cycle on Mh is
homotopic to a cycle of the barycentric dual graph G∗ of Mh , we only need to be able to compute the turing along
ACM Transactions on Graphics, Vol. V, No. N, June 2006.
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k(e∗ ) solves the ambiguity for equal angles with the reference direction d~0 at endpoints of a dual edge e∗ .

cycles of G∗ . These will require to calculate the quantity:
1
K(e ) =
2π
∗

Z
e∗

κd~ ds = θ (vend ) − θ (vstart ) + θ0 (e∗ ) + k(e∗ )/N

(9)

where vstart and vend are the starting and ending points of e∗ , θ0 (e∗ ) is the angle between d~0 (vend ) and d~0 (vstart ))
measured after flattening the pair of tirangles containing e∗ , and k(e∗ ) is an integer which we call period jump. k(e∗ )
indicates the way the direction evolves between the two given directions along e∗ (see fig.4), which information is
not hold by the angles on each facet. We can ensure that K is inversed by changing orientation (inverting vstart and
vend ) by choosing the angles in ] − π, π] (we need an orientation for the dual edge because the case of an angle of π is
ambiguous). Note that the angles θ can be taken in R, which will make it much easier when used in an optimisation,
as cyclic variables are harder to optimise.
3.2

Turning number in discrete setting

Using (3) and (9), we now derive an expression for the turning number of a cycle γ in discrete setting. Any cycle γ on
Mh (the mesh with holes at each vertex) is homotopic to a cycle of the barycentric dual graph, which is an embedding
of the dual graph G∗ in the mesh passing through each facet barycenter and edge middles (see fig.). Hence, we only
need to explicit turning numbers of all cycles of the dual graph to get all turning numbers. Using the expression above,
we get:
Td~ (γ) =

∑
∗

K(e∗ ) −

e ∈γ

1
2π

I

κγ ds = T0 (γ) +
γ

k(e∗ )/N
∑
∗

(10)

e ∈γ

where T0 (γ) is defined by:
T0 (γ) =

1

θ0 (e∗ ) −
∑
2π
∗

e ∈γ

I

κγ ds

(11)

γ

which is independent of the field because all angles simplify by summing (9).
This allows us to compute the indices of the direction field at a vertex v:
Id~ (v) = I0 (v) +

k(e∗ )
∑
∗
∗

(12)

e ∈∂ v
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where I0 (v) is a geometric quantity independant of the field and defined by:
θ0 (e∗ ) +
∑
∗
∗

I0 (v) = 1 + T0 (∂ v∗ ) =

e ∈∂ v

Ad (v) = 2π −
3.3

H
γ

Ad (v)
2π

(13)

κγ ds is the angle defect at v.

Constraining singularity indices

The problem we tackle in this section is the following:
Given constrained singularity indices Ic (vi ) at each interior vertex vi of the mesh, find the period jumps k on each dual
edge such that:
Id~ (vi ) = I0 (vi ) +

∑

k(e∗ ) = Ic (vi )

⇔

∑

k(e∗ ) = Ic (vi ) − I0 (vi ) = ∆I(vi )

(14)

e∗ ∈∂ v∗i

e∗ ∈∂ v∗i

Notice that the numbers of period jumps |Ei |, of topologicla degrees of freedom (TDOF) 1 + |Ei | − |F | and of constraints on indices |Vi | verify: |Ei | ≥ 1 + |Ei | − |F | ≥ |Vi |. Hence we can separate period jumps in three sets:
(1) The set E0∗ of edges which period jumps we can set to 0 without constraining any turning number.
∗ of dependent edges, which period jumps constrain a singularity index.
(2) The set Edep

(3) The set E f∗ree of all the other edges, which period jumps correspond to a TDOF but not to a singularity. We chose
the name f ree because these other TDOF will be left free in an optimisation.
The zipping algorithm we present is a greedy algorithm which allows simply to build these sets, and to express the
period jumps of edges in Ei as a function of the free period jumps, such that the indices have their constrained value.
Given an edge, the algorithm builds E0 by adding edges while they do not close any cycle. The result of this step is a
spanning tree of the dual graph G∗ . Then the algorithm builds Ei , and attributes the periond jumps of edges in Ei by
finding edges which close cycles enclosing a single vertex. When it is not possible, any remaining edge closes a cycle
which does not enclose a singularity, so any such edge can be added to E f ree . Once this is done, we can continue filling
Ei , but now, the period jumps might depend on the free edge. Those two last steps are iterated until no edge remains.
All period jumps k(e∗ ) can be expressed through an integer k0 , and a vector of integers c of size c = |E f∗ree | such that:
k(e∗ ) = k0 (e∗ ) + c(e∗ ).k f ree
where k f ree = (k1f ree , ...kcf ree ) is
δi, j (1 if i = j else 0) on E f∗ree .

(15)

the vector of free period jumps. k0 and c are both null on E0∗ , and k0 (e∗i ) = 0, c j (e∗i ) =

∗ such that period jumps satisfy the topological constraint (19), which
The zipping process will build k0 and c on Edep
rewrites:

k(e∗ ) = Ic (v) − Id~ (v) = ∆I(v)
∑
0
∗
∗

∀v ∈ Vc

(16)

e ∈∂ v

where Ic (v) is our constraint on the index of v.
If M has no border, all indices on the surface are vertex indices, so indices on the base field necessarily satisfy the
Poincaré-Hopf Theorem 2.3 (∑V Id~ (v∗ ) = 2 − 2g) We have also:
0

∑∗ k(e∗ ) = ∑∗ ∆I(v∗ ) = ∑∗ Ic (v∗ ) − Id~0 (v∗ ) = 0
E
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Algorithm 1 Zipping algorithm (see fig.5)
Build a recovering tree E0∗ of G∗ // grow black edges
∀e∗0 ∈ E0∗ set k0 (e∗0 ) ← 0, c(e∗0 ) ← 0
∗ ← E ∗ \E ∗ V ∗ ← V ∗
Edo
zip
0
f
i f ree ← 0 // Number of free variables found
∗ 6= 0
while Edo
/ do
f
∗ 6= 0
while Vzip
/ do
∗ and remove it from V
Take v∗z ∈ Vzip
zip
∗
if vz ∈
/ ∂ M and ∃! unset edge e∗z ∈ ∂ v∗z then
// Zip red (then blue) edges
Move e∗z from Edo f to Edep
Set k0 (e∗z ) ← ∆I(v∗z ) − ∑e∗ ∈∂ v∗z \e∗z k0 (e∗ ),
Set c(e∗z ) ← − ∑e∗ ∈∂ v∗z \e∗z c(e∗ ),
∗
Add the face opposite to v∗z across e∗z to Vzip
end if
end while
// Free green edge
i f ree ← i f ree + 1
∗ and move it to E ∗
Take e∗f ree ∈ Edo
f ree
f
∗
Set k0 (e f ree ) ← 0, ci (e∗f ree ) ← δi,i f ree
∗
Add the 2 faces adjacent to e∗f ree to Vzip
end while

Fig. 5. Zipping: 1-Grow black edges (width first search) 2-Zip red edges 3-Free green edge 4-Zip blue edges (blue edges depend on the freed
green edge)

the k(e∗ ) being taken in both direction for each edge. This means that on the last vertex whose index is set, we have :
∆I(v∗last ) = −

∑

∆I(v∗ )

V ∗ \v∗last

Ic (v∗last ) = 2 − 2g −

∑

Ic (v∗ )

(17)

V \v∗last

Hence the index of v∗last adapts to ensure the Poincaré-Hopf theorem. If the indices have been constrained such that:

∑ Ic (v∗ ) = 2 − 2g
V

then this last index will be 0. As the position of v∗last depends on some choices made arbitrarily in the algorithm, it
cannot be easily determined, hence it is highly recommended to run the algorithm with a constrained indices which
ACM Transactions on Graphics, Vol. V, No. N, June 2006.
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Fig. 6. Genus g surfaces requires to free 2g edges. The image shows in different colors the edges which period jumps effectively depend of free
period jumps (scissors).

sum up to 2 − 2g to avoid the apparition of a random (but necessary) singularity.
If M has borders, they are also handled by the Zipping, but the indices of corresponding holes are not constrained. In
fact, we can also leave some vertices unconstrained by simply declaring them as border vertices before running the
zipping. However, in this case we cannot guarantee that no undesired singularity appear. A simple way to ensure that
no singularity appear when M has holes (boundaries), is to run the zipping on M with holes triangulated. The index of
a hole on such a field will simply be given by the sum of the indices of the border vertices, so as before, no singularity
will appear iff the sum of indices of constrained vertices (including border vertices) add up to 2 − 2g.
4.

APPLICATION TO DISCRETE DIRECTION FIELD SMOOTHING

We will now show a simple use of our structure to smooth direction fields with strong topological constraints.
4.1

Problem formulation

We will now show a simple use of our structure to smooth direction fields with strong topological constraints. Using
the notions above, we formulate the constrained smoothing problem as:
Given:
—a mesh M =< V , E , F >
—a multiple of 1/N Ic (v) given on each vertex v ∈ V .
—a direction d~c ( f ) given on each facet of a subset Fc ⊂ F .
minimize:
EG∗ (θ , k) = ||κd~ ||2 =

∑

e∗ ∈E ∗

κd~2 (e∗ ) =

∑

e∗ ∈E ∗

(κd~ (e∗ ) + θ ( f j∗ ) − θ ( fi∗ ) + k(e∗ ))2
0

(18)

subject to the constraints:
Id~ (v) = Id~ (v) +
0

∑

k(e∗ ) = Ic (v) ∀v ∈ V

(19)

e∗ ∈∂ v∗

~ f ) = d~c ( f ) ∀ f ∈ Fc
d(

(20)

Notice that because κd~ is squared, the direction of integration does not matter.
As told in previous section, we build a representation for the direction field which implicitly enforces the topological
constraints, by expressing all the period jumps k(e∗ ) in function of a limited number of free period jumps. We will
now describe a smoothing algorithm, which using this structure reduces to a simple quadratic minimization procedure.
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Algorithm

Input: A mesh M =< V , E , F >, with some user defined constrained directions d~c ( f ) on a subset Fc ⊂ F and
constrained indices Ic (v) on a subset Vc ⊂ V .
Output: A solution to the smoothing problem given by a direction d~ on each facet of M.
Algorithm 2 Smoothing algorithm
1: Set Ic (v) = 0 on V \Vc // no singularities outside Vc
~0 ( f ) on each facet // base field
2: Choose a direction d
∗
~0 (vend ) and d~0 (vstart )) for each dual edge.
3: Compute θ0 (e ) as the angles between d
4: Compute the angle defects Ad (v) at all vertices.
5: Compute the base field indices Id~ (v) using (13)
0
6: Compute ∆I(v) = Ic (v) − Id~ (v)
0
7: Apply Zipping Algorithm
8: Build the linear system [A f , Al ,C][θ f , θl , k f ree ]t = B corresponding to (18). Each line of the system corresponds to
an edge e∗ : [A f , Al ] contains +1 and −1 at the indices corresponding to the θ at the 2 extremities of e∗ , C contains
c(e∗ ) corresponding to k f ree . B contains the κd~ (e∗ ) − k0 (e∗ ).
0
9: Pass 1:
[θ f1 , k1f ree ]t = ([A f ,C]t [A f ,C])−1 [A f ,C]t (B − Al θl )
10:

Pass 2:
[θ f2 ]t = (Atf A f )−1 Atf (B − [C, Al ][rnd(k1f ree ), θl ]t )

11:

where rnd is the rounding to the nearest integer value.
Apply rotations θ f2 to d~0 to get a direction d~ on each facet of M.

The smoothing algorithm links between user inputs and Zipping inputs by computing the indices of the base field and
making the difference with user constrained indices, and uses the Zipping output to ensure that the field topology is
constrained during the smoothing of the direction field. The minimization problem is then solved in two pass: in the
first one, we will minimize EG∗ by assuming k continuous, then make a second pass of minimization only on θ with
the k set to their rounded value of the first pass. We use for both pass a standard formula to solve the problem of
minimizing ([A f , Al ][x f , xl ] − B)2 where x f are variables and xl are set:
x f = (Atf A f )−1 Atf (B − Al xl )

(21)
(k(e∗ )),

This method is not guaranteed to find the global minimum with respect to the discrete variables
but offers
good results in practice that satisfy all the constraints. For the continuous variables (θ ( f ∗ )), if at least one directional
constraint is set, A f is of maximal rank, therefore, by Gramm’s theorem, Atf A f is non-degenerate and our algorithm
finds the unique minimum. We also noticed that we could improve the visual aspect of the direction field singularities
by adding a laplacian smoothing term λ ∑ f inF ∑e∈∂ f κ ~2 (e∗ ) to the energy (18).
d

5.

RESULTS

Our framework enables to create direction fields on a surface and to edit it via topological and geometric constraints. As
illustrated in figure 7, only few constraints are required to create the desired field. The same picture also demonstrates
ACM Transactions on Graphics, Vol. V, No. N, June 2006.
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Fig. 7.

Direction field edited by topological and geometrical constraints

that our method is not affected by the complex geometry of the hairs of the David, whereas the previous methods only
based on relaxation ([Ray et al. 2005] or [Hertzmann and Zorin 2000]) are trapped by this geometry and generate
many singularities in this zone.
Our algorithm has also been tested on large models from the Stanford 3D Scanning Repository called the statue and
Lucy. Theses two models are treated in less than 4 minutes, and results in smooth fields (see figure 8). Notice that
theses two models have a complex topology (large genus g and number of boundaries b). The turning number around
each boundary is used to counter the effect of each handle (a small handle is equivalent to a singular point of index 2).
Our algorithm can benefit from an existing direction fields to start with a good initial solution. Previous direction field
smoothing algorithms [Ray et al. 2005],[Hertzmann and Zorin 2000] were able to automatically place singular points
but creates too many of them. An automatic fusion of theses critical points gives us a nice starting point for setting
the constraints. Figure 10 shows a simplification of the head of the dragon dataset (from the Stanford 3D Scanning
Repository) allowing us to remove meaningless singularities. Such a model can then be easily edited without taking
into the large part of the direction field topology that is determined by the shape of the surface.
Our algorithm also deals nicely with important constraints that can be applied on geometry (see the rotation constraints
in Figure 9) and on topology (see Figure 3).
6.

CONCLUSION

Many algorithms in Computer Graphics require to orient objects on a surface such as images (in texture synthesis),
quads or triangles (in remeshing), and parameterizations. We have introduced an extension of vector field that is
general enough to manipulate all theses kinds of surface orientations.
Our representation separates the topology and the geometry of the direction fields in order to simplify their manipulation : the geometry can be smoothed by a simple quadratic form, and the singularities can be constrained through
the topology by using only greedy algorithms. This was allowed by a complete analysis of the direction field topology
including an extension of the Poincar’e-Hopf theorem to rational indices and the characterization of the field behavior
along cycles. A new direction field smoothing algorithm has bee presented to demonstrate the benefits of our structure.
Lucy

The statue

genus
#borders
#triangles

45
47
125000

13
9
300000

time

2min 47s

3min 36s

Table I.
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Large models with many holes and high genus efficiently processed by our framework.

Fig. 9. Direction constraints are applied to a direction field. Notice that the direction is given by a rotation of the base field that can be greater than
2π.

Fig. 10. The dragon in the background was smoothed by a classical algorithm. In the foreground: our algorithm only keeps significant singularities
(balls).
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A. TURNING NUMBERS FUNDAMENTAL PROPERTIES
We give here an outline of the proof of 2 fundamental turing number properties.
A.1

Boundary property

The boundary property states that for any direction field on a 2-manifold S, we have T (∂ S) + χ(S) = 0 which generalises the Poincaré Hopf theorem to N-symmetry direction fields. We first establish 3 simple results, then proove the
equation by structural induction.
L EMMA A.1. The reversal of a cycle has opposite turning number:
T (γ̄) = −T (γ)

(22)

Proof: integrating in opposite direction changes ds in −ds 2
L EMMA A.2. If we call A and B two sub-manifolds of Sh (see fig.11), the turning numbers of ∂ A and ∂ B are
linked by the equation:
T (∂ A) + T (∂ B) = T (∂ (A ∪ B)) + T (∂ (A ∩ B))

(23)

∪ B) ∪
∂ (A ∩ B). The term in
Proof: The term in κd~ is preserved because integrated on the same set ∂ A ∪R ∂ B R= ∂ (A
R
R
κγ , is preserved by application of the Gauss-Bonnet formula to the equality A + B = A∪B + A∩B . 2
L EMMA A.3. Contractible boundaries have a turning number of 1.
Proof: Let γ C be a strongly contractible boundary. It is by definition the boundary of a topological disk D, so there
exists a continuous bijective application p : D → D2 where D2 is the unit disk in R2 , which allows to define the image
~ of the direction field on D2 .
field ~d 0 = p(d)
Td~p (∂ D2 ) =

1
2π
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∂ D2

(κγ − κ~d 0 )ds =

1
2π

Z 2π ~
∂ tγ

(

t=0

∂s

.~nγ −

∂ ~d 0 ~ 0 ⊥
.d )ds
∂s
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Equivalence between ∂ A ∪ ∂ B and ∂ (A ∪ B) ∪ ∂ (A ∩ B)

Because we are on the unit disk, the arclength s is equivalent to the angle on the disk boundary, so we have ~tγ =
(cos(s), sin(s))T and ~nγ = (− sin(s), cos(s))T , which gives:
κγ =

∂~tγ
.~nγ = 1
∂s

Let ~x = (x = cos(s), y = sin(s))T be the position vector on the disk boundary. We have:
!T
∂ ~d 0 ~ 0 ⊥
∂ ~d 0 ~ 0 ⊥
∂ ~d 0 ~ 0 ⊥
κ~d 0 ds =
.d ds =
.d dx,
.d
d~x
∂s
∂x
∂y
we can easily verify that the first term is curl free, hence it is a gradient ∇θ . We can now compute the turning number:
T~d 0 (∂ D2 ) = Td~p (∂ D2 ) =

1
2π

I
∂ D2

(κγ − κ~d 0 )ds =

1
2π

Z 2π

1ds −

t=0

I
∂ D2

∇θ d~x = 1

because the integral of a gradient along a closed loop is null. 2
These lemmas will now allow us to give a deomonstration of theorem 2.1:
Td~ (∂ S) + χ(S) = 0

(24)

Proof: It is well known in topology that any orientable surface (with boundary) can be cut along g cycles to obtain
a sphere (with boundaries). Hence we start by prooving (24)) for a sphere with b > 0 holes. If S is a topological
disk (b = 1, χ = 1), its boundary is strongly contractible, this prooves (24) for b = 1. If S is a topological cylinder
(b = 2, χ = 0), let us call γ1 and γ2 its 2 boundaries. As γ1 and γ̄2 are homotopic, they have same turning number, so
by (22) we have:
T (∂ S) = T (γ1 ) + T (γ2 ) = T (γ1 ) − T (γ̄2 ) = 0
which prooves (24) for b = 2. Assume (24) is true ∀b ≤ B, and let S have B + 1 boundaries γ1 ...γB+1 . We apply (23)
where A and B contain γB and γB+1 and intersect in a topological disk. S\A ∪ B has B holes, so it verifies (24):
B−1

T (∂ (S\A ∪ B)) =

∑ T (γi ) + T (∂ (A ∪ B)) =

i=1
B−1

∑ T (γi ) + T (∂ A) + T (∂ B) − T (∂ (A ∩ B)) =

i=1
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B+1

∑ T (γi ) + 1 = χ(S\A ∪ B) = χ(S) + 1

i=1

which prooves (24) by reccurence. We can now get to the most general case where S has genus g and b boundaries
γ1 ...γb . There exist a family γ1G , ...γgG of cycles such that S\{γ1G , ...γgG } is connected. This operation does not change
the Euler characteristic of the surface (b ← b + 2g, g ← 0 preserves χ = 2 − 2g − b). Th result is a sphere Scut with
b + 2g boundaries γ1 ...γb , γ1G , γ̄1G , ...γgG , γ̄gG , so we can apply (24):
n

g

i=1

i=1

T (∂ Scut ) = ∑ T (γi ) + ∑ T (γiG ) + T (γ̄iG ) = 2 − 2g − b
which finally prooves Th.4 in the general case as the second sum is null by (22)2
A.2

Topologic equivalence

We will need a simple lemma to proove the topologic equivalence:
L EMMA A.4.
Td~ (γ) = Td~ (γ)∀γ ∈ C (S ) ⇔ Td~ (γ) = Td~ (γ)∀γ ∈ B(S )
1

2

1

2

in other words, the turing numbers of all cycles on S depend only on the turning numbers of a homology basis B(S ).
Proof: The direct way is trivial as B(S ) ⊂ C (S ). For the other implication, let γ ∈ C (S ). By definition of
homology basis, γ is homologue to a cycle ∪i ni γiB where γiB ∈ B(S ) are basis cycles. By definition of homology,
∪i ni γiB ∪ γ̄ is a boundary, so it verifies Th.4, such that:
Td~ (γ) = ∑ ni Td~ (γiB ) + χ(S ) = ∑ ni Td~ (γiB ) + χ(S ) = Td~ (γ)
0

0

i

1

i

1

because the turing numbers are equal along the cycles of the homology basis. 2
We can now proove the theorem 2.2 which states that two direction fields are homotopic if and only if they have the
same turning numbers along the cycles of a homology basis of S .
Proof: Once again, the direct implication is trivial because turing numbers are preserved by homotopy. For the
reciproque, Let d~0 and d~1 be two fields with the same turning numbers along the cycles of a homotopy basis, let O be
a point in S , and θ0 be the angle between d~0R and d~1 at O. Let P be any other point in S , and γ0 and γ1 be two paths
between O and P. Let us define θi (P) = θ0 + [OP]i κd~ − κd~ . By lemma A.4, d~0 and d~1 have the same turning numbers
1
0
along all cycles, so in particular for the cycle γ1−0 = γ1 ∪ γ̄0 , such that:
θ1 (P) − θ0 (P) =

I
γ0−1

κd~ − κd~ =
1

0

I
γ0−1

κγ0−1 − κd~ −
1

I
γ0−1

κγ0−1 − κd~ = Td~ (γ1,2 ) − Td~ (γ1,2 ) = 0
1

1

2

. Hence θi is independant of the choice of the path to integrate, so we can define a continuous function θ such that
d~2 = T (d~1 , θ ). This allows to build a continuous function D : [0, 1] → DN (S ) defined by d~2 = R(d~1 ,tθ ), such that
D(0) = d~0 and D(1) = d~1 which prooves that the direction fields are homotopic. 2
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