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A: Dueto shadows,scannedmeshesoftenhavecomplex holesandirregular borders. B: a globalparameterizationof the
surfaceis computed.C: �lling theholesandextrapolatingtheborders become2D problemsin parameterspace. D: The

locationsof thenew verticesin 3D spacearecomputedbyapproximatinga minimalenergysurface(MES).

Abstract

Shapeoptimizationand surfacefairing for polygon mesheshave
beenactive researchareasfor the last few years. Existing ap-
proacheseitherrequiretheborderof thesurfaceto be�x ed,or are
only applicableto closedsurfaces.In this paper, we proposea new
approach,that computesnaturalboundaries.This makesit possi-
blenotonly to smoothanexistinggeometry, but alsoto extrapolate
its shapebeyond the existing border. Our approachis basedon a
globalparameterizationof thesurfaceandonaminimizationof the
squaredcurvatures,discretizedon theedgesof thesurface.Theso-
constructedsurfaceis an approximationof a minimal energy sur-
face(MES). Using a global parameterizationmakesit possibleto
completelydecouplethe outerfairness(surfacesmoothness)from
the inner fairness(meshquality). In addition,theparameterspace
providestheuserwith a new meansof controllingtheshapeof the
surface.Whenusedasa geometry�lter , our approachcomputesa
smoothedmeshthat is discreteconformalto theoriginal one.This
allowssmoothingtexturedmesheswithout introducingdistortions.

CR Categories: I.3.5 [ComputerGraphics]:ComputationalGe-
ometryandObjectModeling—Boundaryrepresentations.

Keywords: shapeoptimization,polygonmeshes,differentialge-
ometry, minimalenergy surfaces,naturalboundaries

1 Intr oduction

GeometricDesignhasde�ned toolsto processandcreategeometry.
Thefollowing threeoperatorsarewidely usedto optimizetheshape
of surfaces:

� Surfacefairing used,for instance,to removethehigh-frequency
noisefrom ascannedsurface;

� Surface blending, whose goal is to create a surface that
smoothlyconnectsanexistingsetof patches;

� Surfaceextrapolation, usedto extendthe shapeof an existing
surface.

Using differentialgeometry, it is possibleto de�ne the criteria
that shouldbe met by the constructedsurfaces.This wasinitially
applied to parametricsurfaces(see e.g. [Moreton and Séquin
1992]).

Mesh modelsare amongthe most commonrepresentationsof
surfacegeometryin ComputerGraphics,and adaptinggeometric
design tools to this type of representationhas been an active
researchareafor the last few years(seee.g. [Kobbelt 1997]).
In the speci�c caseof a meshmodel, not only the shapeof the
surface,referredto astheouterfairness, shouldbeconsidered,but
alsothequalityof thetriangulation,referredto astheinnerfairness.

Surfacefairing andsurfaceblendinghave beenwell studiedfor
meshmodels,andhave now ef�cient discretecounterparts.How-
ever, existingdiscretefairingmethodseitherneedtheborderof the
surfaceto be�x ed,or canonly beappliedto closedsurfaces.This
preventsthesemethodsfrom beingusesassurfaceextrapolators.In
this paper, we proposea new discretefairing methodthatdoesnot
suffer from this limitation, which allows implementingnew geo-
metricdesigntoolsfor meshedmodels.



Figure1: Extrapolationandbordereditingin parameterspace. A: original surface;B: constrainedtriangulationof theparameterspace;C:
extrapolatinga minimalenergysurface;D: theborderhasbeeneditedandtheconstrainedtriangulationreconstructed;E: resultingsurface:
changingtheborder in parameterspacemeanscroppinga “virtual” surface, extrapolatedfromtheinitial surface.

1.1 Previous Work

Meshfairing methodscanbe classi�ed into two main categories,
geometric�ltering andgeometricoptimization:

In geometric �ltering approaches,the goal is often to remove
high frequenciesfrom an initial mesh. Discrete diffusion is pro-
posedin [Taubin1995],in which signalprocessingprovidesanel-
egantmathematicalbackgroundto studytheseproblems.Discrete
diffusion hasbeenthen improved in [Desbrunet al. 1999] by in-
troducinga more stablesmoothingoperator, which allows using
larger valuesfor the smoothingparameter. The methodproposed
in [Ohtake et al. 2000] combinesdiscretediffusion with an inner
fairnesscriterion, in orderto improve thequality of themesh.All
themethodsmentionedaboveareveryusefulfor �ltering noisyge-
ometries,but sinceonly G0 continuity is ensured,it is dif�cult to
usethemfor surfacedesign. Higher ordercontinuity canbe ob-
tainedby combiningtwo smoothingsteps[Taubin1995],or using
curvature�o ws of higher orders[Brakke 1992; Hsu et al. 1992;
ChoppandSethian1999].

In geometric optimization approaches(see e.g. [Burchard
et al. 1994]), global fairnesscriteria are de�ned and optimized.
Fairnessis often de�ned usingnotionsfrom differentialgeometry
(meancurvature, Gaussiancurvature . . . ) or approximationof
physics (thin-plate energy). This family of methodshas been
�rst de�ned for parametricsurfaces, for which optimizing the
fairness means solving a Partial Differential Equation [Bloor
and Wilson 1990]. The differential operatorsinvolved in these
PDEs can be approximatedon polygonal meshes. In [Pinkall
and Polthier 1993], a method is proposedto constructdiscrete
minimal surfaces(i.e. surfacesof minimal area)by minimizing
the Dirichlet energy (i.e. the integral of the squaredLaplacian)
relative to a conformalparameterization.The methodsproposed
in [Mallet 1992] and in [Kobbelt et al. 1998] also minimize an
approximationof the Dirichlet energy. Note that for thesetwo
methods, the used local parameterizationsare not necessarily
conformal,which meanstheDirichlet energy doesnot necessarily
correspondto theareaof thesurface.In [WelchandWitkin 1994],
anapproximationof curvatureis de�ned for triangulatedsurfaces,
togetherwith aminimizationalgorithm.In [SchneiderandKobbelt
2000; Schneiderand Kobbelt n. d.], they proposeto minimize
the Laplacianof the meancurvature,an intrinsic geometricvalue
measuringthe variation of the curvature. Kobbelt coined the

term DiscreteFairing in [Kobbelt 1997] to categorize the family
of methodsbasedon the optimization of differential operators
approximatedonmeshes.

For both familiesof methods,the Laplacianoperatorplaysan
importantrole. For instance,the Dirichlet energy is the integral
of the squaredLaplacian. To approximatethe Laplacianon a
polygonalmesh,several numericalschemeshave beenproposed,
basedon local parameterizations[Taubin 1995; Kobbelt et al.
1998;Desbrunetal. 1999;Guskov etal. 1999].

Notethatmeshedmodelscanalsobeobtainedfrom unorganized
setof pointsbyusingreconstructionmethodsandlevel setrepresen-
tations. The methodsdescribedin [BoissonnatandCazals2002],
[Musethet al. 2002] and[Carr et al. 2001] reconstructa function
from R3 to R �tted to set of points. The reconstructedsurface
is obtainedasthe zero-setof this function, extractedby applying
marching-cube-like methods.As in thesetwo latter methods,our
approachminimizesanobjective functionbasedondifferentialop-
erators.Themaindifferenceis thatit operatesonthemeshedmodel
directly ratherthan�tting anintermediaryrepresentation.

1.2 Overview

In thispaper, wepresenttheDualDomainExtrapolationmethod,a
new meshfairingapproachwith thefollowing characteristics:

� A discreteapproximantof theMinimal Energy Surfaces(MES)
criterionis de�nedandef�ciently minimizedthanksto Newton's
multivariatenon-linearoptimizationmethod;

� The methoddoesnot needany boundarycondition. Therefore,
theborderof thesurfaceis naturallyextrapolated;

� Thanksto a globalparameterization,it is possibleto completely
dissociatetheouterfairness(surfacequality) from theinnerfair-
ness(meshquality);

� Theglobalshapeof thesurfaceis not affectedby thediscretiza-
tion;

� Using a global parameterizationprovides the user with new
meansof designingthe shapeof the surface. By designingthe
shapeof the borderin parameterspace,the usertrims a virtual
surface,extrapolatedfrom theinitial surface.

� Any vertex of theinitial surfacemaybeconstrainedor let freeto
move. The methodcanbe usedasan extrapolatoraswell asa
low pass�lter;



Figure2: DDE usedto smootha meshin user-selectedzones.The
meshin thesmoothedregionsis discreteconformalto theoriginal
one.

� Whenour methodis usedasa low pass�lter , thesmoothedsur-
faceis discreteconformalto theoriginal one,which meanstex-
turedmodelscanbe�ltered without introducingany texturede-
formation;

� Limitationsof themethod:sinceit is basedon a globalparame-
terizationwith naturalboundaries,ourmethodis only applicable
if suchaparameterizationcanbeconstructed.Thesurfaceneeds
to behomeomorphicto a disc(however, a user-assistedsolution
is proposedfor surfacesof higher genus),and global overlaps
needto beavoided(thiswill bediscussedin Section2.1).
The paperis organizedasfollows. The next sectionintroduces

theapproximationschemeusedto computethecurvatures,andthe
objective function minimizedby our method. Section3 presents
someresultsobtainedwith our methodusedasan extrapolator, a
low-pass�lter , or asa geometricdesigntool. Thepaperconcludes
with possibleimprovementsof themethod.

2 Dual Domain Extrapolation

Minimal Energy Surfaces(MES) are de�ned to be surfacesthat
minimizethefollowing objective function:

EMES =
Z

W

k 2
min+ k 2

max dudv (1)

Our goal is to de�ne a discreteapproximantof this energy with
thepossibilityof optimizingthegeometryof a triangulatedsurface
without any boundarycondition. To approximatethe differential
operatorsinvolvedin this typeof energy, existing meshfairing ap-
proachesuselocal parameterizations.For instance,to approximate
the Dirichlet energy, the umbrellaoperatorusedin [Kobbeltet al.
1998] is de�ned at eachvertex relative to a parameterizationof its
1-ring neighbors.Unfortunately, theshapeof theobtainedsurface
is dependenton the expressionof theselocal parameterizations.
Moreover, they introduceanunwantedcouplingbetweentheouter
fairness(surface quality) and the inner fairness(meshquality).
Thiscanbeimprovedby usingmoreelaboratednumericalschemes
[SchneiderandKobbelt2000;SchneiderandKobbeltn. d.].

To overcometheseproblems,insteadof using local parame-
terizations,our approachis basedon a global parameterization
of the surface. Moreover, expressingthe MES criterion as a
couplingbetweenglobal (u;v) coordinatesandgeometric(x;y;z)
coordinatesmakes it unnecessaryto �x the boundariesof the
surface. A global parameterizationwas alreadyusedto de�ne
very �e xible remeshingalgorithms in [Alliez et al. 2002], in
which re-triangulationis performed in parameterspace. Our
methodis also basedon the idea of using the parameterspace,
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Figure3: Computingdirectionalcurvaturesona surface.

with the differencethat trianglesare createdbeyond the border
of the parameterspace,or in zonescorrespondingto holesof the
original surface,wherenogeometryis known a priori . Optimizing
the location of theseverticesin 3D spaceis then performedby
minimizingourdiscreteMEScriterion.

OurDDE methodcomprisesthefollowing steps:

1. Constructaglobalparameterizationof thesurface,

2. (optional) select the zonesof the surface that should be
smoothed(seeFigure2),

3. (optional)Fill-in theholesand/orextendtheborder, by adding
trianglesin parameterspace,usinga ConstrainedDelaunay
Triangulation(Figure1-B).

4. Makethemeshregular, by iteratively insertinganew vertex at
thecircumcenterof the largesttriangle(theDelaunaycondi-
tion andconstraintsarerestoredby edgeswapping),until the
areaof the largesttriangleis equalto theaverageareaof the
initial triangles,

5. Optimizethenew verticesandtheverticesbelongingto azone
selectedin step2, by minimizingourdiscreteapproximantof
theMEScriterion(Figure1-C),

6. Remove skinny triangles,by insertinga vertex in thetriangle
with thehighestareain 3D / areain parameterspaceratio(as
in step4), until thehighestratio reachestheaverageratio of
theinitial triangles,

7. (optional)Interactively edit theboundarycurve in parameter
space(seeFigure1-D). After eachmodi�cation, steps3,4,5,6
(triangulationandoptimization)arere-executed(Figure1-E).

2.1 Global parameterization

In ourcontext, to constructaglobalparameterizationof thesurface
(step1), it is necessaryto usea methodthat can computenatu-
ral boundaries,suchasMIPS [HormannandGreiner2000], ABF
[Sheffer andde Sturler2001], LSCM [L évy et al. 2002] or DCP
[Desbrunet al. 2002]. Unfortunately, thesemethodsdo not offer
the sameguaranteesas [Floater1997], which �x es the borderon
a convex polygon. In our case,dependingon the usedparame-
terizationmethod,overlapsandtriangle�ips maybeencountered.
ABF guaranteestheabsenceof triangle�ips, andprovidesawayof
�xing globaloverlaps,by addingconstraints.However, ABF is nu-
mericallyexpensive,anddif�cult to applyto largemeshes.For this
reason,in our experiments,we have usedLSCM, which is much
easierto solve numerically(notethatthesameresultwould beob-
tainedwith DCP, sinceit minimizesthe sameenergy asLSCM).
Wedid notencounteroverlapswith ourexamples,but if they occur,
it is easyto detectthemandto switchto ABF.



Figure4: Outerandinner fairnessoptimization.A: original meshwith selectedzone;parameterization;B: smoothedmeshobtainedbymin-
imizingthediscreteMEScriterion. Thetriangulationis discreteconformalto theoriginal surface;parameterizationof thesmoothedmesh;
C: resultobtainedafter optimizingthe inner fairness(meshquality) in parameterspaceand re-optimizingthe discreteMESoptimization
relativeto thisnew parameterization.Notethat theouterandtheinner fairnessarecompletelydecoupled.

2.2 Curvature appr oximation

Different approximation schemesfor surface curvature were
proposedin the literature. Most of them consider the 1-ring
neighborhoodsof the vertices,and computethe curvaturesfrom
quadraticsurfaces�tted to the neighborhoods[Welch andWitkin
1994],or directly apply leastsquares�tting to the eigenstructure
of the secondfundamentalform [Moreton and Séquin 1992],
which avoids ill-conditioning. In our approach,we considerthe
neighborhoodsof the edges,composedof two triangles,and ap-
proximatethesecondorderderivativesthanksto �nite differences.
The resultingnumericalschemeis muchsimplerto compute,and
doesnot requireany boundarycondition.

In this section,we considera surfaceS providedwith a param-
eterizationx(:; :) : W� R2 ! S; (u;v) 7! f x(u;v);y(u;v);z(u;v)g.
The directionalcurvatureat a point u = (u;v) relative to a direc-
tion w in parameterspaceis de�ned to bethecurvatureof thecurve
a (:) : a (t) = x(u + t:w) (seeFigure3, previous page). It is well
known (seee.g. [do Carmo1976]) that the curvatureis given by
thenormof thesecondorderderivativesof a (:), parameterizedby
arc-lengths:
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In our case,thesurfaceS is a triangulatedmesh,andits param-
eterizationx(:; :) is a piecewiselinearfunction.For sucha surface,
weproposeto approximatethesecondorderderivativesusing�nite
differencesbetween�rst orderderivatives:
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whereJ(d) denotestheJacobianmatrixof x(:; :) (i.e. thematrixof
thedifferentialdx) at thepointu+ d:w , givenby:

J =
�

¶x=¶u ¶y=¶u ¶z=¶u
¶x=¶v ¶y=¶v ¶z=¶v

� t

(4)

As shown in Figure5 below, we considernow anedgee shared
by two trianglesT and T0. In 3D, the points lying on the edge
e canbe consideredascylindrical points(having a null minimum
curvaturekmin). In parameterspace,theprincipaldirectionsasso-
ciatedwith kmin andkmax arew1 andw2 respectively, wherew1 is
alignedwith the edgee in parameterspace,andw2 is orthogonal
to w1. Notethatsincex(:; :) is apiecewiselinearparameterization,
theJacobianmatrix J is constantover eachtriangleT , andwill be
denotedJT in whatfollows. The�nite differenceapproximationof
themaximumcurvaturekmax is thengivenby:

kmax= kw2
(u) ' 1
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whereA (T) denotestheareaof thetriangleT in parameterspace.
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Figure 5: Approximating the curvature around an edge e. The
points of e can be considered to be cylindrical, with a null cur-
vature kmin associatedwith thedirectionw1 of e, anda maximum
curvaturekmax associatedwith a directionw2, orthogonalto w1



Figure6: Generating a complex blendingsurface. Thechartsare parameterized,theuserarrangesthemin parameterspace, a constrained
Delaunaytriangulationis computed,andthenew verticesareoptimizedbyminimizingthediscreteMEScriterion.

2.3 Discrete MES optimization

Theexpressionof our discreteMES energy F is thenobtainedby
summingtheapproximationof thecurvatures(Equation5) over the
edgese of the triangulation,weightedby theareasof the triangles
T andT0 in parameterspace.

EMES ' F(x) = 1
6d å

e2E

1
A (T)+ A (T0)










JT :w2(e)
kJT :w2(e)k �

JT0:w2(e)

kJT0:w2(e)k










2

e= (i; j) ; w2(e) =
�

vi � v j
u j � ui

�

(6)
To minimize the objective function F, we have experimenteddif-
ferentstrategies(seee.g. [NocedalandWright 2000]). Their per-
fomancesarecomparedin section3:
� Newton's method:this requiresthegradientÑF andtheHessian

Ñ2F of thefunction. For Ñ2F, our implementationusesexpres-
sionscomputedin Maple;

� Quasi-NewtonBFGSmethod:only requiresÑF (Ñ2F is approx-
imated). This gives the bestperformaces.However, BFGS is
quitedif�cult to implement;

� SQP(SequentialQuadratic Programming): at eachiterationk,
we considerthe termsjjJT :w2(e)jj and jjJT0:w2(e)jj to be con-
stant. They are initialized to 1 at the �rst iteration. This ap-
proximateof Ñ2F is lessaccuratethanBFGS,andthereforeless
ef�cient, but mucheasierto implement.

2.4 Inner fairness optimization

As shown in Figure1, moving theborderin parameterspacemeans
letting it 'slide' alongavirtual surface,extrapolatedfrom theinitial
patch.Basedonthisidea,it ispossibletooptimizetheinnerfairness
in parameterspace(seeFigure4):

1. choosea regionof interrestandlock its border;

2. optimizetheshapeof thetrianglesin 2D parameter-space,us-
ing Laplaciansmoothing;

3. optimizetheMES criterion,usingthesmoothed2D triangu-
lationastheparameter-space

Thevertices“slide” alongthevirtual smoothsurface,while the
global geometryis not altered. The inner fairnessis completely
decoupledfrom theouterfairness.

3 Results and conc lusions

Figures6,7,8 show possibleapplicationsof DDE.Thetool demon-
stratedin Figure6 may have applicationsin archaeologicalmod-
eling, providing the userwith a �e xible and intuitive interfaceto
repairsurfaces(parameter-space“jigsaw”). Table1 shows thesize
of the models,computationtimes, and numberof iterations(the
timespentin theconstrainedDelaunaytriangulationis not included
sinceit is negligible).

Theprincipal limitation of our methodis that it is unableto di-
rectlyprocessamodelof arbitrarytopology(closedmodels,donuts,
. . . ). A user-assistedsolutionto this problemis proposedin Figure
8. More generally, it would bepossibleto applyour methodto an
automaticallygeneratedatlas,by addinginter-chartcontinuitycon-
ditions to the objective function. We think it is alsopossible(and
better)to uselocalparameterizationsatisfyingcompatibilitiescon-
ditions,obtainedthanksto aglobaloptimizationprocess.

As comparedto themethodpresentedin [SchneiderandKobbelt
n. d.], theclassof surfacesminimizing theMES criterionis not as
generalastheoneminimizing theLaplacianof themeancurvature.

Figure 7: Dual domain extrapolation and associatedparameter
space.



Figure 8: A,B,C: Would you like a cup of tea, Mr. Rabbit ? (Alice's adventures in Wonderland); D,E,F: associatedparameterspaces
(Alice'sadventuresin Flatland). For thismodel,which is nothomeomorphicto a disc,DDE wasappliedto parameterizationsconstructedin
user-selectedzones( total timeof thesession:10min.)

woman chair statue jigsaw
(1st page) (�g. 1) (�g. 4) (�g. 6)

] initial vertices 21778 3102 18842 13078
LSCM time (s) 17 1.5 15.2 8.8
] freevertices 3357 1246 4109 1871
] Newton iters 4 3 2 3
Newton time (s) 9.2 1.5 16 1.8
] BFGSiters 5 4 4 3
BFGStime (s) 8.1 1.2 12 1.1
] SQPiters 8 5 5 5
SQPtime (s) 17 2.8 31 5.1

Table1: Comparedtimingsfor Newton,BFGSandSQP

Oneof our goalsin future researchis to �nd a numericalscheme
that enablesnaturalboundariesto be implementedfor this latter
criterion.
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DESBRUN, M., MEYER, M., SCHRÖDER, P., AND BARR, A. 1999. Implicit fairing
of irregularmeshesusingdiffusionandcurvature�o w. In SIGGRAPHConference
Proceedings, ACM, 317–324.

DESBRUN, M., MEYER, M., AND ALLIEZ, P. 2002. Intrinsic parameterizationsof
surfacemeshes.In Proceedingsof Eurographics, 209–218.

DO CARMO, M. 1976. Differential geometryof curvesandsurfaces. PrenticeHall,
EnglewoodCliffs, Inc.

FABRI , A., GIEZEMAN, G.-J., KETTNER, L., SCHIRRA , S., AND SCHÖNHERR, S.
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