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Figure1: Froman input triangulatedgeometry, thecurvature tensor�eld is estimated,thensmoothed,andits umbilicsare deduced(colored
dots). Linesof curvatures(following the principal directions)are thentracedon the surface, with a local densityguidedby the principal
curvatures,whileusualpoint-samplingis usednearumbilicpoints(sphericalregions).The�nal meshis �nally extractedbysubsampling, and
conforming-edgeinsertion.Theresultis ananisotropicmesh,with elongatedquadsalignedto theoriginal principal directions,andtriangles
in isotropic regions.Such ananisotropy-basedplacementof theedgesandcellsmakesfor a veryef�cient andhigh-qualitydescriptionof the
geometry. A smoothsurfacecanbeobtainedbyquad/trianglesubdivisionof thenewly generatedmodel.

Abstract
In this paper, we proposea novel polygonalremeshingtechnique
thatexploitsakey aspectof surfaces:theintrinsicanisotropyof nat-
ural or man-madegeometry. In particular, we usecurvaturedirec-
tionsto drivetheremeshingprocess,mimickingthelinesthatartists
themselveswould usewhencreating3D modelsfrom scratch.Af-
ter extractingandsmoothingthecurvaturetensor�eld of an input
genus-0surfacepatch,linesof minimumandmaximumcurvatures
areusedto determineappropriateedgesfor the remeshedversion
in anisotropicregions, while sphericalregions are simply point-
sampledsince there is no naturaldirection of symmetrylocally.
As a resultour techniquegeneratespolygonmeshesmainly com-
posedof quadsin anisotropicregions,andof trianglesin spherical
regions. Our approachprovidesthe �e xibility to producemeshes
rangingfrom isotropic to anisotropic,from coarseto dense,and
from uniform to curvatureadapted.

CR Categories: I.3.5 [ComputerGraphics]:ComputationalGe-
ometryandObjectModeling—Boundaryrepresentations.
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1 Intr oduction
Despitea recenteffort to make digital geometrytoolsrobust to ar-
bitrarily irregular meshes,mostscannedsurfacesneedto undergo

completeremeshing(alterationof thesamplingandof theconnec-
tivity; see[Turk 1992; Eck et al. 1995; Hoppe1996; Lee et al.
1998;Kobbeltet al. 1999;BotschandKobbelt2001;Alliez et al.
2002;Gu et al. 2002])beforeany furtherprocessing:resultsof �-
nite elementcomputations,compression,or editingrely heavily on
an gooddescriptionof the original geometry. Several techniques
havebeenproposedover thelastdecade,with awidevarietyof tar-
get applications.In [Alliez et al. 2002],a thoroughreview shows
thatmostexistingmethodscombinemeshsimpli�cation andvertex
optimization(see[Hoppeet al. 1993;Borouchaki1998]for exam-
ple); othersstartwith a completeresamplingof the surface[Turk
1992],mixedwith connectivity optimization.However, evenif this
remeshingprocesshasnow beenmadeboth ef�cient and�e xible,
most techniquesdo not put any constrainton the local shapeof
themeshelements:althoughvertex densityis oftenrequiredto de-
pendon local curvatures,no conditionis imposedon theresulting
shapeandorientationof thetrianglesor quads.Whenever we wish
to align or stretchmeshelementswith a certaindirection�eld, we
needanisotropic remeshing.

Suchaspeci�c remeshingis interestingfor many reasons.While
many elliptic partial differentialequationsideally requiremeshes
with quasi-equilateraltriangles,elongatedelementswith large as-
pectratio areoftendesiredin the�eld of simulation,for �uid �o w
or anisotropicdiffusionfor instance.In thesecases,a 2� 2 matrix
(referredto asa Riemannianmetric tensor)traditionally indicates,
for eachpointonthesurface,thedesiredorientationandaspectratio
of themeshelementlocally desired[BossenandHeckbert1996].

Additionally, several researchersin approximationtheoryhave
proventhatthesameanisotropicrequirementnaturallyariseswhen
anoptimalmeshis soughtafter: for a givennumberof elements,a
meshwill “best” approximatea smoothsurface(for theLp norms
with p � 1) if theanisotropy of themeshfollows(in non-hyperbolic
regions) the eigenvaluesand eigenvectorsof the curvaturetensor
of the smoothsurfaceregions[Simpson1994; D'Azevedo2000].
Thiscanbeintuitively noticedby consideringacanonicalexample,
suchasanin�nite cylinder: planarquadsin�nitely stretchedalong
thelinesof minimalcurvatureprovide thebestpiecewiselinearde-



scription. This similarity betweenapplicationsin simulationand
approximationis not surprisingif we interpretboththeseresultsin
termsof optimal error control. In this paper, we will explore the
problemof anisotropicremeshing,and presenta novel, ef�cient,
and�e xible stroke-basedremeshingtechniquewhoselinescontin-
uouslyfollow intrinsicgeometricpropertiesacrossamodel.

1.1 Previous Work
Becauseof the theoreticalubiquity of anisotropicmeshes,algo-
rithms for anisotropicremeshinghave beenproposedin several
geometry-related�elds.

Anisotr opic Triangle Remeshing Bossen and Heck-
bert [1996] proposedan anisotropictriangle meshingtechnique
for �at, 2D regions on which a metric tensoris de�ned. They
proceededthroughsuccessive vertex insertions,vertex removals,
anditerative relaxations,that includeedge�ips to align theedges
in accordancewith themetric tensor. Shimada[1996] usedellipse
packing to introduceanisotropy in the remeshing;althoughthis
type of methodsgenerateshigh quality anisotropicmesheswhose
elementsconformpreciselyto thegiventensor�eld, this accuracy
is obtainedat thepriceof ratherslow computations,andresultsin
very limited waysfor auserto guidethedesignof themesh.

HeckbertandGarland[1999] madean interestinglink between
thequadricerrormetricusedin their meshsimpli�cation [Garland
andHeckbert1998] and its asymptoticbehavior on �nely tessel-
latedsurfaces. In particular, they demonstratedthat the triangles
resulting from their meshsimpli�cation techniquewill be more
elongatedalong minimal curvaturedirections. Such remeshing-
through-simpli�cationmethodsprovidefastresults,butagain,leave
very little �e xibility in the process. Moreover, the anisotropic
behavior is only proven for �ne meshes:the resultsshow, how-
ever, a limited (anduncontrollable)amountof anisotropy oncoarse
meshes. Finally, notice that work on featureremeshing[Botsch
and Kobbelt 2001] hasalso pointedout the importanceof using
anisotropictrianglesin featureregionsandof aligningtheiredgesto
theprincipaldirections,althoughno completeanisotropicremesh-
ing techniqueusingtheseprincipleswasproposed.

Anisotr opic Quad Remeshing Several works have also fo-
cusedon usingquadranglesfor remeshing,dueto their appealing
tensor-productnature. BorouchakiandFrey [1998] describedan
anisotropictrianglemeshgeneration,andthentransformedthere-
sultingmeshinto aquad-dominantmeshthroughasimpletriangle-
to-quadconversion. ShimadaandLiao [1998], on the otherhand,
proposedto directly userectanglepacking,wherethe rectangles
arestretchedaccordingto a speci�ed vector �eld on the surface.
This computationalintensive packing leads to a quad-dominant
anisotropicmesh,alignedwith thegivenvector�eld.

In ComputerGraphics,therehave alsobeenrecentattemptsat
�nding anisotropicparameterizations[Sanderet al. 2002;Guskov
2002].Guetal. [2002]showedhow thiscouldbeusedto providea
perfectlyregularremeshingof surfacemeshes.However, nocontrol
over thealignmentof theedgeswith speci�c directionsis provided.

Lines of Curvatures and Curvature-based Strokes Even
if anisotropy is a relatively recentresearchthemein meshprocess-
ing, thisparticularityof almostall shapeshaslongbeennoticedand
usedby artists.A caricaturist,for instance,only needsa few select
strokesto convey stronggeometricinformation.Similarly, adigital
artistcreatesor editsa 3D modelin a top-down fashion,usingthe
mainaxesof symmetriesanda few sparsestrokesto ef�ciently de-
signthemesh,contrastingdrasticallywith thelocalpoint-sampling
approachof mostautomaticremeshingtechniques(Figure2). In
the scienti�c community, studiesand previous non-photorealistic
renderingtechniqueshave also shown how much lines of curva-
turesareessentialin describingthe geometry[Brady et al. 1985;
HertzmannandZorin 2000]:sincelocaldirectionsof minimumand

maximumcurvaturesindicaterespectively theslowestandsteepest
variationof the surfacenormal, theseanisotropic,intrinsic quan-
tities govern most lighting effects. In particular, many hatching
techniquesusestrokes that arealignedalong the principal curva-
tures: this resultsin a perceptuallyconvincing displayof complex
surfaces[Interranteet al. 1996;Interrante1997;RosslandKobbelt
2000;Girshicketal. 2000;HertzmannandZorin 2000].

Figure 2: Artist-designedmodels (left) often conform to the
anisotropy of a surface, contrasting with the conventional
curvature-adaptedpoint samplingusedin mostremeshingengines
(right).

1.2 Contrib utions

Although illustration and sketching techniqueshave beenusing
principal curvaturestrokes to representgeometry, graphicstech-
niques rarely even exploit anisotropy of a surface to drive the
remeshingprocess.Nevertheless,a straightedgeon a coarsemesh
naturallyrepresentsa zero-curvatureline on the surface. It there-
foreseemsappropriate(thoughnontrivial!) to directlyplaceedges
parallelto thelocalprincipaldirectionsin non-hyperbolicareas(see
Figure3, left), insteadof �rst placingverticesto thenslowly opti-
mizetheirpositionsin orderto align theinducededges.

In this paper, we proposea principal curvature stroke-based
anisotropicremeshingmethodthat is both ef�cient and �e xible.
Lines of minimum and maximum curvature are discretizedinto
edgesin regionswith obviousanisotropy (Figure3, left), while tra-
ditional point-samplingis usedon isotropic regions and umbilic
points where there is no favored direction (as typically doneby
artists;seeFigure3, right). This approachguaranteesan ef�cient
remeshingasit adaptsto thenaturalanisotropy of asurfacein order
to reducethenumberof necessarymeshelements.Wealsoprovide
controloverthemeshdensity, theadaptationto curvature,aswell as
overtheamountof anisotropy desiredin the�nal remeshedsurface.
Thus,our techniqueoffers a uni�ed framework to producequad-
dominantpolygonalmeshesrangingfrom isotropicto anisotropic,
andfrom uniform to adaptedsampling.

Figure 3: Left: Skilled mesh designers tend to intuitively
align edges with lines of minimumand maximumcurvatures in
anisotropic areas,as it providesa more compactrepresentationof
thelocal geometry. Right: Point samplingis, however, preferredin
sphericalareaswherenoparticular directionis perceived.

1.3 Overview

Figure1 illustratesthemainstepsof ouralgorithm.Weassumethe
original model to be a genus-0,non closedtrianglemesh,possi-
bly provided with taggedfeatureedges(non-zerogenusinput can
be doneon a per-chartbasis). In a preliminarystep,we build the



featureskeleton[BotschandKobbelt2001;Alliez etal. 2002],rep-
resentingall thetaggedfeatures(creasesandcorners)in a graphof
adjacency. Themeshis now readyto beremeshed:
� We �rst estimatethe curvaturetensor�eld of the surfaceat the

vertices,and deducethe two principal dir ection �elds stored
asa 2D symmetrictensor�eld in a conformalparameterspace.
These�elds arethensmoothed,andthedegeneratepoints(um-
bilics) areextracted(seeSection2).

� We then tracea networkof lines of curvature, with a density
guidedby the local principalcurvatures,in orderto samplethe
original geometryappropriatelyalongminimumandmaximum
curvatures,in agreementwith asymptoticresultsfrom approxi-
mationtheory. Theisotropicregions(aroundtheumbilic points,
beingeithersphericalor �at, arepoint-sampledsincenoobvious
directionof symmetryis locally present(seeSection3).

� Finally, the verticesof the newly generatedmeshareextracted
from theintersectionsof linesof curvatureon anisotropicareas,
andaconstrainedDelaunaytriangulationoffersaconvenientway
to deducethe�nal edgesfrom a subsamplingof thelinesof cur-
vature(seeSection4). The outputof our algorithmis a quad-
dominant anisotropic polygonmesh, dueto thenaturalorthog-
onalityof thecurvaturelines.
We discussthe variouscomputationalgeometryandnumerical

tools we usedto signi�cantly easethe implementation,aswell as
our resultsin Section5.

2 Principal Direction Fields
Sincewewill baseour remeshingmethodon linesof curvature,we
�rst needto extract the principal curvatures. In this section,we
describehow the curvaturetensor�eld of the input surfaceis ex-
tracted,smoothed,andanalyzed.Mostof thesestepsareperformed
directly in parameterspace,to speedup thecomputations.

2.1 Robust 3D Curvature Tensor Estimation
Due to the piecewise-linearnatureof the input mesh, the very
notion of curvature tensor, well known in Differential Geome-
try [Gray 1998], becomesnon trivial, andsubjectto variousde�-
nitions [Taubin1995;Meyer et al. 2002]. In orderto have a con-
tinuoustensor�eld over the whole surface,we build a piecewise
linear curvaturetensor�eld by estimatingthe curvaturetensorat
eachvertex andinterpolatingthesevalueslinearly acrosstriangles.

v

e

B

e

b(e)
However, locally evalu-
ating the surface curva-
ture tensorat a vertex is
not very natural. For ev-
ery edgee of the mesh,
on the other hand, there
is an obvious minimum
(i.e., alongthe edge)and
maximum(i.e.,acrosstheedge)curvature.A naturalcurvatureten-
sorcanthereforebede�ned ateachpointalonganedge,asnoticed
recentlyin [Cohen-SteinerandMorvan2003]. This line densityof
tensorscannow be integrated(averaged) over an arbitraryregion
B by summingthe different contributions from B, leadingto the
simpleexpression:

T (v) =
1

jBj å
edgese

b(e) je\ Bj ē ē t (1)

wherev is an arbitraryvertex on the mesh,jBj is the surfacearea
aroundv over which thetensoris estimated,b(e) is thesignedan-
gle betweenthe normalsto the two orientedtrianglesincident to
edgee(positive if convex, negative if concave), je\ Bj is thelength
of e\ B (alwaysbetween0 and jej), andē is a unit vector in the
samedirectionase. In our implementation,we evaluatethetensor

at every vertex locationv, for a neighborhoodB thatapproximates
a geodesicdisk aroundthis vertex. This approximationis doneby
simplycomputingthediskaroundv thatis within aspherecentered
at v. The sphereradiusis speci�ed by the user;a radiusequalto
1=100th of theboundingboxdiagonalis usedby default. To remain
consistentwith ourtensor�eld evaluation,thenormalateachvertex
cannow beestimatedby theeigenvectorof T (v) associatedwith
theeigenvalueof minimummagnitude.Thetwo remainingeigen-
valueskmin andkmax areestimatesof theprincipalcurvaturesat v.
Notice that theassociateddirectionsareswitched: theeigenvector
associatedwith theminimumeigenvalueis themaximumcurvature
directiongmax, andvice versafor gmin (seeFigure4). This curva-
ture tensorevaluationprocedure,in additionto beingintuitive and
simpleto implement,hassolid theoreticalfoundations,aswell as
convergenceproperties[Cohen-SteinerandMorvan2003].

Figure4: Principal directionsgmin andgmaxestimatedat meshver-
tices,scaledby their respectivecurvatures.

2.2 Flattening the Curvature Tensor Field

To allow for fast subsequentprocessing,we wish to '�atten' the
surface,alongwith its curvaturetensor�eld. We usethe discrete
conformalparameterizationrecentlypresentedin [L évyetal. 2002;
Desbrunet al. 2002]asthesolutionof choicefor mappingthe3D
surfaceto a2D domain:basedonasimplevariationalformulation,
this parameterizationautomaticallyprovides an angle-preserving
mapping,without �xing any boundarypositions,by simply solv-
ing a simple,sparselinear system.We alsocomputethe induced
areadistortionasadvocatedin [Alliez etal. 2002].

Onthisparameterization,wecannow simplystorethe2D curva-
turetensor(thenormalcomponentis no longerneeded).For every
vertex in this 2D parameterization,we thuscomputethe2D curva-
turetensorT suchas:

T = Pt
�

kmin 0
0 kmax

�
P (2)

We do not needto computethe matrix P in practice. The tensor
canbe found simply by picking an edgefrom the 1-ring, project-
ing it onto the tangentplane,and computingthe signedanglea
betweenthisprojectionandtheeigenvectorof themaximumeigen-
value: thequasi-conformalityof our parameterizationallows usto
now �nd theprojectedeigenvectorby startingfrom thesameedge
in parameterspace,androtatingit by a . Theothereigenvectorbe-
ing orthogonalto the �rst oneby de�nition, thesymmetricmatrix
representingT cannow befoundexplicitly.

Oncewe have T at eachvertex, the2D tensor�eld is theninter-
polatedlinearly, i.e.,thematrixcoef�cients arelinearlyinterpolated
over eachtriangle(thereareonly threecoef�cients to interpolate,
sincethematrixis symmetric).Therefore,for any value(u;v) in the
parameterspace,wecanreturnthevalueof thelocal tensorT(u;v).



2.3 Tensor Field Smoothing
Although the averagednature of our tensor construction(Sec-
tion 2.1) tendsto remove local imperfectionsdueto thepiecewise-
linear description of our input meshes,an additional pass of
smoothingover theresulting2D tensor�eld is oftenmostneeded.
Indeed,if a coarseremeshingof the surfacegeometryis desired,
we �rst have to smoothand simplify the tensor�eld in order to
only capturetheglobalgeometryof thesurface.However, if avery
detailedremeshingis desired,noor little smoothingis needed.

A Gaussian�ltering of the tensor(coef�cient by coef�cient) is
performeddirectly in theparameterspace.This is ef�ciently done
by placingasmalldiskaroundeach2D vertex of ourparameteriza-
tion,with aradiusinverselyproportionalto thelocalareadistortion:
theconformalnatureof theparameterizationwill keepit ageodesic
disk. We thenconvolve the �eld usingthis circular, isotropicsup-
port for the Gaussianfunction. Although this fast convolution is
suf�cient in mostcases(seeFigure5), a moreanisotropicsmooth-
ing of the three tensorcoef�cients can also be performedwhen
highergeometric�delity is required:thereadercanreferto [Hertz-
mannandZorin 2000]or [Meyer et al. 2002]for possiblepractical
solutions.We�nally getasmoothed,continuouscurvature�eld that
encodestheprincipaldirectionsalongwith their associatedcurva-
turesasits eigenvectorsandeigenvalues,respectively.

Figure5: Progressivesmoothingof the principal direction �elds.
From left to the right: initial minimal curvature directions, the
sameregion after 10 smoothingiterations,andanotherview of the
smoothed�eld. Althoughthesmoothingis computedin parameter
space, thetensor�eld hasbeenprojectedback ontothesurfacefor
illustrationpurposes.Thecolor dotsindicateumbilics.

2.4 Tensor Field Umbilic Points
The topologyof a tensor�eld is partially de�ned by its degener-
atepoints,calledumbilic points. Suchdegeneratepointsof a 2D
symmetrictensor�eld areat locations(ui ;vi) suchas:

T(ui ;vi) =
�

l 0
0 l

�
: (3)

This correspondsto the regions of the meshwhere the �eld is
isotropic, i.e., wherethesurfaceis locally sphericalor �at. To �nd
the umbilic pointsof our piecewise-lineartensor�eld, we follow
Tricoche[2002]: we de�ne the deviator part D of our tensor�eld
T, obtainedthrough:

D = T �
1
2

tr(T)I2 =
�

a b
b � a

�
; (4)

wherethespecialcasea = b = 0 correspondsto anumbilic point.
Due to the linear interpolationwithin eachtriangle,only oneum-
bilic pointcanexist pertriangle,andit locally correspondsto either

a wedge type,or a trisector type[Tricoche2002]asshown in Fig-
ure 6. All the umbilics can easily be found by going over each
triangleandsolvinga 2� 2 linearsystem.They arethenclassi�ed
usinga third-orderpolynomial root-�nding problemasdescribed
in [DelmarcelleandHesselink1994].Wekeepalist of all thetypes
and2D positionsof theseumbilicsfor furthertreatment.Notice�-
nally thatthesmoothingof thetensor�eld describedin theprevious
sectiondrasticallyreducesthenumberof umbilic points,asit also
simpli�es thetopologyof theextractedcurvaturetensor�eld.

Figure6: Trisectorandwedge umbilic pointsare theonly possible
singularitiesof a piecewise-lineartensor�eld.

2.5 Taking Care of Features

Whentaggedfeaturesarepresenton the input mesh,specialcare
mustbe usedduring extraction,smoothing,andumbilic analysis.
First, the averagedregionsover which we integratethe curvature
tensorsmustbeclippedif they intersecta feature.Indeed,feature
linesoftenrepresenta signi�cant discontinuityin thegeometry(as
betweentwo adjacentfacesof acubefor instance),andaone-sided
evaluationis thereforerecommended.Second,thesmoothingstep
must also perform the sameclipping (in the 2D planethis time)
during theGaussiansmoothingof a vertex v neara featurealsoto
avoid “contamination”betweenseparateregions;aftertheclipping
is done,thecontribution dueto a featurevertex locatedwithin the
supportis setto betheaverageof thevaluesof its neighborson the
samesideof the featureasv. Theseoperations,simpleto imple-
ment,aresuf�cient to dealcorrectlywith features.

Oncea smoothedtensor�eld is obtained,the next stageof our
algorithmconsistsin resamplingtheoriginal geometrystoredasa
2D tensor�eld in parameterspace,usingbothpointsandcurvature-
directedstrokes.

3 Resampling

At this stage,we wish to anisotropicallyresampleour geometry.
Although a large majority of techniquesperform resamplingby
spreading0-elements(vertices,isotropic by nature)over the sur-
face,this way of proceedingdoesnot qualify asanisotropic.How-
ever, 1-elements(edges)are,by nature,anisotropicasthey repre-
senta segmentof zero curvaturelocally. Therefore,we propose
to resamplethe geometryby what is known as lines of curva-
tures[Gray1998]: theselinesarealwaysalongeithertheminimum,
or the maximumcurvatures. With a properdensityin agreement
with local curvatures,sucha network of orthogonalcurveswill ad-
equatelydiscretizethe object. The �nal edgeswill be found by
subsamplingtheselines. Basedon theseobservations,we show in
this sectionhow anisotropicareasaresampledwith a setof curves
alignedalongprincipal directions,andhow isotropic(i.e., spheri-
cal) areasaresimplydiscretizedwith points(seeFigure7).

3.1 Curve-based Sampling for Anisotr opic Areas

Our goal is to tracea network of orthogonallines of curvaturein
anisotropicareas.We presentthe numericalapproachwe usedto
successfullytracinglines,beforegiving detailson where the lines
aretracedon thesurface.



1. lines of curvatures

1. vertices (points)

2. vertices (intersections)

2. edges (e.g., Delaunay)

3. edges (curve approximation)

3. faces

4. faces

Figure7: Point-basedsamplingvs. curve-basedsampling: while
most techniquesspread vertices�r st before deducingedges and
faces,weuselinesof curvaturesonanisotropicareasto �nd vertex
positions,before simplifyingtheselinesto straight edges,andthen
deducingfaces.Notethatweuseregular point-samplingonnearly-
isotropicareassinceprincipal directionsaremeaninglesswhenthe
surfaceis almostspherical.

3.1.1 Lines of Curvatures

By de�nition, a line of maximum(resp. minimum) curvatureis a
curve on a surfacesuchas,at every point of thecurve, thetangent
vectorof this curve is collinearwith the principal directionof the
surfacethatcorrespondsto themaximum(resp.minimum)curva-
ture. Eachline of curvatureeitherstartsfrom anumbilic point and
endsatanotherone,or hasaclosedorbit, or canenterandexit from
thedomainbounds.OnecantracesuchacurveC : t 7! u(t);v(t) in
theparameterspace(u;v) of thesurface(seeSection2.2) by inte-
gratingthefollowing ordinarydifferentialequation:

�
u0(t)
v0(t)

�
= g(t); (5)

whereg is aneigenvectorof T(u(t);v(t)) . More precisely, g is the
eigenvectorassociatedwith thesmallest(resp. largest)eigenvalue
of T whencomputinga line of maximum(resp.minimum)curva-
ture.

3.1.2 Numerical Integration of a Line

Equation(5) canbenumericallysolvedwith anembeddedfourth-
orderRunge-Kuttaintegrationwith adaptivestep[Pressetal. 1994]
wherethesteplengthis weightedby thenormof thedeviator (see
Section2.4), as recommendedby Tricoche[2002]. If a starting
point (u(0) ;v(0)) is chosen,thelocal tensoris directly evaluatedon
the parameterizationandits associatedeigenvectorg is computed
on the �y: the integration routine provides the next point along
the line of curvature. By iteratingthis process,we �nd a seriesof
locations(u(k) ;v(k)) that de�nes a piecewise-linearapproximation
of a line of curvature.Noticethatoncetheline ends(at anumbilic
point, at a featureline, at theboundary, or closeto anotherline of
curvature),we startagain at (u0;v0) but in the oppositedirection
this time, to completethe line. We now turn to the problemof
�nding thelocaldensityrequiredfor theselinesof curvature.

3.1.3 Local Density of Lines

Two pivotal questionsat this point of the algorithm are: how
many lines should be tracedon the surface, and where should
we trace them? A partial answer is to �rst computethe de-
sired density of lines neededat any given point on the surface,
or, inversely, the spacingdistancebetweentwo lines. To achieve
this, �rst considertwo lines of curvaturevery closeto eachother.
A crosssectionof the surface, normal to
thesetwo lines, will show an approximate
arcof circle(thelocalosculatingcircleof the
surface)with two pointson it corresponding
to the traceof thesetwo lines. A linear ap-
proximationbetweenthesetwo points will
be away from the actualosculatingcircle (i.e., the surface)by a
small distance. If we want to guaranteethat this distanceis less

thane in orderto minimizethepiecewise-linearreconstructioner-
ror, thedistanced betweenthetwo pointsmustbedependenton k
asfollows:

d(k ) = 2

s

e
�

2
jk j

� e
�

: (6)

This meansthat for any point on a line of maximum(resp. min-
imum) curvature, an approximationof the optimal distanceto
the next line of samecurvatureis dmax = d(kmin) (resp.,dmin =
d(kmax)). Noticethat,in thelimit (aselementareagoesto zeroon
adifferentiablesurface),Equation(6) leadsto anaspectratioof the
rectangularelementsequalto:

dmax

dmin
�

s
jkmaxj
jkminj

; (7)

which coincideswith theresultobtainedby [Simpson1994]in ap-
proximationtheory. The spacingbetweenlines of curvaturede-
�ned above thusprovides,for �ne meshes,optimalapproximation
of theunderlyingsmoothsurface.In our implementation,thesethe-
oreticaldistancesareapproximatedquitewell directly in parameter
space:dueto the conformalnatureof the parameterization,mul-
tiplying sucha distanceby the local areastretching[Alliez et al.
2002]will provide thedistancein theparameterspace.

3.1.4 Curve-based Sampling

Now that we know both how to tracelines of curvatureandhow
spacedthey shouldbe, we canstart the curve-basedsamplingper
se. High-qualityplacementof streamlineshave alreadybeenstud-
ied in otherapplications,for visualizationof vector �elds for in-
stance. Different approaches,using image guidance[Turk and
Banks1996],adaptedseeding[JobardandLefer 1997],andmore
recently�o w-guidedseeding[Vermaet al. 2000], have beenpro-
posed,but always for regularly sampled�elds. It is however a
trivial matterto adaptthemto our context: the techniquewe de-
scribenext is thereforeahybrid versionof [JobardandLefer1997],
and [Verma et al. 2000]. We will deal with the lines of mini-
mumcurvatureandthelinesof maximumcurvatureindependently.

seed

seed

d

g
min

min

streamline

We �rst put all the um-
bilic points into a list of
potential seedsfor lines
of curvatures. We then
begin by tracing lines of
maximum (resp. min-
imum) curvature origi-
nated from the umbilic
point with maximumabsolutecurvature, as proposedin [Verma
et al. 2000]. Oneline getsstartedif theumbilic point is a wedge,
while threeget startedif it is trisector, to respectthe local topol-
ogy of thevector�eld (seeFigure6). If no umbilicswerepresent,
we startthe line at the point with the largestjkminj (resp. jkmaxj).
After eachintegrationstepneededto tracethe line of curvature,a
pair of seeds,placedorthogonallyto the currentline at the ideal
distance(computedlocally asin Section3.1.3),is addedto thelist
of potentialseeds[JobardandLefer1997].

Thecurrentline is traceduntil oneof thesecaseshappen:
� theline reachesanotherumbilic point;
� theline comesbackcloseto its startingseed:in this case,a loop

is created;
� thelinecrossesanedgeof thefeaturegraphor thedomainbound-

ary;
� or the line becomestoo closeto an existing line of maximum

(resp.minimum)curvature.
The notion of closenessin the explanationsabove is relative to

the local optimal distancedmin (resp.,dmax) betweenlines. How-
ever, wearti�cially decreasetheoptimaldistancesneartheumbilic



points to allow for a higher-�delity discretization.The setof po-
tentialseedsareput in a priority queuesortedby thedifferencebe-
tweenthelocaloptimaldistanceat thisseedandtheactualdistance
to astreamline.Theseedthatbest�ts thelocal requirementis then
usedto starta new line, asdescribedabove. We performthis seed
selectionandthesubsequentline tracingiteratively until acomplete
coverageis obtained.A �nal checkis performedto make surethat
no largeareasarestill uncovered. This is doneby randomlysam-
pling the parameterizationspaceandevaluatedesireddistancevs.
actualdistances.Generally, only a handfulof additionallines of
curvaturesgetstartedthisway.

Proximity Queries Sincethealgorithmdescribedabovemakes
heavy useof distancecomputations,wemusthandleall theproxim-
ity querieswith careandef�ciency. Dueto thehighly non-uniform
distribution of samplesusedon thesurface,a quad-treedatastruc-
turewould not payoff. Instead,we optedfor a conventionalcom-
putationalgeometrytool, for whichoptimizedimplementationsare
readilyavailable(suchasin CGAL [Fabri et al. 2000], the library
we use): a constrainedDelaunaytriangulation (CDT). Indeed,a
CDT allows for fastproximity queriesto constraints;furthermore,
exploiting thecoherenceof requests(aswe advancealongthe line
of curvature)throughfacecachingresultsin near-linearcomplexity
in the numberof samples.We proceedasfollows: we �rst enter
eachfeaturesegmentin a CDT. Then,while we traceoneline of
curvature,we cacheeachof its samplesandperformthe proxim-
ity queriesin thecurrentCDT, providing distancesto existing lines
andfeatures.Whenwe aredonewith this line, we incorporateall
its constitutingsegmentsinto the CDT asconstraints,andstarta
new line.

Contr ol Parameter s Thesamplingprocessis made�e xible by
providing theuserwith threetypesof control.First,theparametere
indicatingthegeometricaccuracy of theremeshing(seeEquation6)
is aneasyway to guidethenumberof linesof curvature.Second,
the usercan also apply a transferfunction F (as in [Alliez et al.
2002])to thecurvatures,to tunetheamountof curvatureadaptation
of the �nal mesh. Finally, the amountof isotropy vs. anisotropy
is selectedthrougha value r 2 [0;1]. We turn the optimal dis-
tancede�nitions from Equation6 into: dmax= d(r =2j kmaxj + (1�
r =2) jkminj) anddmin = d(r =2 jkminj + (1� r =2) jkmaxj).

3.2 Point-based Sampling in Spherical Areas
In sphericaland�at areas,the surfacehasno specialdirectionof
symmetry;placing edgesin this casedoesnot make sense. We
thereforeusea moretraditionalpoint samplingtechniquein these
regions. Although ef�cient [Alliez et al. 2002] or precise[Alliez
etal.2003]point-samplingmethodscouldbeused,it mustbenoted
that theseregionsareextremelyrare: exceptfor canonicalshapes
suchasa planeor a sphere,the tensorsmoothingwe initially per-
form tendsto reducethesphericalregionsto singleumbilic point,
for whichsamplingis straightforward.

Whena region hasseveralumbilic points,we only pick a subset
of themto samplethe region accordingto desiredspacing(com-
putedusingEquation(6) again). A scorefor eachumbilic point is
computedasa function of its desireddistanceandthe actualdis-
tanceto anotherselectedsampleor to a featureline1. The best
�t is selected,taggedas being an isotropic sample, and we iter-
atethis processuntil we canno longeraddsamples.Notice that,
occasionally, we useup all the umbilics without meetingthe den-
sity requirement.This canonly happenwhenlargetrianglesin �at
regionsarepresent(sinceonly onepossibleumbilic pointwasgen-
eratedper triangle,a �at region may be undersampled).In these

1Thisdistanceis computedthroughaproximity queryto theCDT. Addi-
tionally, samplesthatareselectedwill beincorporatedin theCDT in order
to take theminto accountfor futurerequests.

rarecases,we iteratively addmorerandomsamplesin thetriangles
andproceedwith thebest-�t selectionalgorithmuntil saturation.

4 Meshing
Thepreviousresamplingstagehasspreadaseriesof linesof curva-
turesandisotropicsamplesover thesurface.We now mustdeduce
the�nal cells,edgesandverticesof our remeshingprocessto com-
pleteourwork. Principalcurvaturesbeingalwaysorthogonalto one
another, thenetwork of linesof curvatureshavecreatedwell-shaped
quadregionsall over thesurface.We capitalizeon thisobservation
to extractaquad-dominantmeshasfollows.

4.1 Vertex Creation
In anisotropicregions,we tracedlines of curvatureusingpolyline
approximationswhile we usedregular samplepointsfor spherical
and�at regions. Theverticeswill thereforebethe intersectionsof
curvaturelines,andtheisotropicsamplesthatwespread.While the
isotropicsamplesdo not requireany speci�c treatment,computing
theline intersectionhasto beperformed.

In orderto performtheseintersectionsquickly, aswell asto pre-
pareusfor thenext steps,wemakeuseof aCDTagain,in parameter
space.We �rst enterall the featuresedgesasconstraintsin a new
CDT. Weaddall thelittle segmentsde�ning thelinesof curvatures
sequentially, asconstraintsaswell. Finally, the isotropicsamples
areaddedasverticesin theCDT. Thevertices,intersectionof fea-
turesor of the lines of curvatures,have automaticallybeenadded
to theCDT sincetwo intersectingedgeconstraintswill generatea
vertex insertion:thevertex creationphaseis over.

Notice that the performanceof this phaseis, again, heavily af-
fectedby the order in which the constrainedsegmentsareadded.
Wefound,notsurprisingly, thatrandominsertionleadsto slow per-
formance. On the other hand,addingthe segmentssequentially
along eachline of curvatureresultsin almost linear complexity,
as the incrementalCDT bene�ts from spatialcoherencethrough
caching. In our tests,the whole CDT processhasbeenthis way
fasterthanany of theotheralgorithmsdedicatedto segmentinter-
sectionswehave triedwithoutexploiting spatialcoherence.

4.2 Edge Creation
Thelinesof curvaturesmustnow besubsampledin orderto extract
therelevantedges.Althoughit couldseemthatsimply joining the
previously-extractedverticeswould do,we mustproceedwith care
to avoid folds on the mesh. We usea straightforward decimation
processthat safelyremovesall uselesssamples:going repeatedly
overeachvertex presentin theCDT, weeliminatethosewhich:
� areRunge-Kuttasamplesandhave only oneconstraintsegment

attached(it will trim awayall danglingcurvaturelines)(seeFig-
ure8,A);

� have zero constrainedsegmentsattachedand are not isotropic
samples(verticesof this typeappearduringthedecimationpro-
cess,whenacurvatureline disappearstotally for instance);

� have two constrainedsegmentsof sametypeattached(two mini-
mumcurvatureline segments,two maximumcurvatureline seg-
ments,or two featureedges)—but only if removing thesetwo
segmentsandreplacingthemby asingleconstraintsegmentdoes
notcreateany new intersections(seeFigure8,B).Thislastcondi-
tion guaranteesthatourgraphof regionadjacenciesstaysplanar:
it will preventfolding in the�nal mesh.

Thisdecimationis performeduntil wecannolongerdeletevertices.
While thisprocesshastakencareof theanisotropicregions,westill
do not have edgesin isotropicregions. This is easilyremediedby
�nally addingthe CDT edgesincidentto the isotropicsamplesas
constraints:it will provide a triangulationof eachsphericalor �at
region(furtheredge-swapscanbeperformedlaterto reducevalence
dispersionor approximationerror;see[Alliez etal. 2002]).



Figure 8: Remeshingphase: a dome-like shapeis sampledwith
linesof curvatures. All thecurvature line segments(red/blue)and
thefeature edges(green)are addedasconstraintsin a CDT in pa-
rameterspace. TheCDTcreatesa densetriangulation;a rapidver-
tex decimation(A,B) thensuppressesmostsmalledges,andleaves
only few vertices,de�ning a coarsepolygonalmesh.Addingcon-
straint edgesto the umbilic (center)point takescare of the near-
sphericalcap.

4.3 Polygon Creation
The last stageof our remeshingphaseextractsa �nal polygonal
meshfrom the CDT by �nding all regionsentirely surroundedby
constrainededges:thesewill be our polygons. This canbe done
ef�ciently by simply visiting eachCDT triangle onceand recur-
sively visit its neighborsuntil constraintedgesarereached(seeFig-
ure8,C).Theseextractedpolygonsbeingpossiblyconcaveweper-
form aconvex decompositionusinganimplementationof Greene's
dynamicprogrammingalgorithm[Greene1983] (alsoincludedin
CGAL). We provide anadditionaloption to boundthehighestde-
greeof thepolygonsto easilyallow for quad/trianglemeshgenera-
tion. This taskis achievedthrougha recursivepolygonpartitioning
algorithmthatusessimplerulesfor conforming-edgeinsertion,as
indicatedin Figure9.

Figure9: A hybridquad/trianglemeshis generatedbyaddingcon-
forming edgesto T-junctionsin a systematicmanner(this table is
notexhaustive).

5 Results and Discussion
Different remeshingexamplesfor relatively simpleshapesare il-
lustratedin Figure 10. A dome-like shape(�rst row) exhibits a
sphericalareaat thetop,andanisotropicareaselsewhere.Thelines
of maximumcurvatureconverge towardsthe umbilic point at the
top, and the lines of minimum curvature are concentric,closed
circles. The verticeson the boundaryhave beendeducedfrom
intersectionsbetweenfeaturegraphand lines of curvatures. No-
tice how the areanearbythe umbilic point hasbeentriangulated,
while otherareashave beentessellatedwith elongatedfour-sided
elements.For illustrationpurposes,a quad/trianglesubdivision al-
gorithm[StamandLoop 2002;Levin 2003],designedto preserve
thehybrid (quad/triangle)structureis appliedto generatea smooth
surfacefrom thenewly generatedcoarsemesh.Stretchingthedome
(secondrow) totally modi�es the distribution of curvatureson the
surface,generatingratherelongatedelementsonhighly anisotropic
areas.Finally, a saddle-like shapeexempli�es thevariousspacings
happeningasa functionof curvatures.

The modelof a pig entirely remeshedwith our techniqueis il-
lustratedin Figure11. The curvature-basedsamplingof our lines

of curvaturesproduceselongatedquadsin anisotropicareas.The
edgestendto follow thelocal directionsof symmetry, asexpected.
Conformingedgeshave beenaddedto theoutputpolygonalmodel
in order to obtaina hybrid quad/trianglemodel. The secondrow
shows a close-upof the ear, along with a surface obtainedby
quad/trianglesubdivision.

Finally, threeotheranisotropicallyremeshedmodelsareshown
in Figure12. Theocta-�ower (A) is chosento illustratepiecewise
smoothanisotropicremeshing(G,H). Thedirection�elds areesti-
mated,thenpiecewisesmoothedasdescribedin Section2.5(B–F).
The closeup(C) illustrateshow the direction �elds arenot in�u-
encedby the features,or by eachother acrossthe sharpcreases.
Remeshingthe bunnyheadwith threeresolutionsis illustratedby
Figure12(I); noticetheplacementof theelementson theears.The
eye andtheearof theMichelangelo's David modelshow therich-
nessof the geometry: the lines of curvaturesconform to all the
details,creatinga meshadaptedto the 'anatomy' of the original
model.Notethatwe show theresultingpolygonalmeshbeforein-
sertionof conformingedges.

Timing Our current implementationallows us to processthe
handmodel (Figure 1) in 0:4s for the tensor�eld computations,
60s for the samplingphase,and1s for the �nal remeshingphase.
Thesetimingsaretypicalof all othermodels,with theexceptionof
theentireheadof Michelangelo's David thatrequired8 minutesto
resample.Given thatno post-optimizationprocessis required,we
regardthesenumbersasvery reasonable.

Implementation As indicatedthroughthis paper, wehave tried
to systematicallyusenumericaltechniquesandcomputationalge-
ometrytools optimizedandreadilyavailableto decreasethe dif�-
culty of implementation.Westronglyadviseagainstanimplemen-
tation“from scratch”of our technique:it would resultin weeksof
coding,with slow andbrittle results. The useof numericaltech-
niquespolishedover time, andof anoptimizedandrobustcompu-
tationalgeometrylibrary guaranteesamucheasierimplementation,
aswell asfastandrobustresults.For instance,theremeshingpartof
our techniquerequiresonly 200linesof codewheninterfacedwith
CGAL with anappropriate�ltered kernel[Fabri et al. 2000],while
earlier trials madefor signi�cant (ten times) larger code,andless
robustandef�cient results.For reference,thetensor�eld process-
ing coderequires1000 lines, while the samplingprocessis 5000
lines. Noticealsothatbeingableto handletheDavid's headmesh
is proof of numericalrobustness:even very large areadistortion
dueto �attening is accommodatedfor.

Limitations Dueto theglobalparameterizationusedin this pa-
per, the techniqueis limited to genus-0patches. For closedor
genus> 0 objects,this requiresto go throughchart construction
and surfacecutting. Besides,the main bottleneckof our current
approachis clearly the samplingstage.Although it is undeniably
themostimportantstage,�nding heuristicsto improveit or to speed
it up would bedesirable.In addition,it would alsobeusefulto de-
velopa fastoptimizationphase,whenhigherqualityboundson the
samplingdensityareneeded.Finally, moving theremeshedvertices
out of theoriginal manifoldcoulddrasticallyimprove theresulting
error approximation,but this is not the focusof this work, and it
will beexploredata latertime.

6 Conc lusions and Future Work
We have introduceda novel approachto remeshing,exploiting the
natural anisotropy of most surfaces. Imitating artists' curvature
strokes usedin caricatures,we tracelines of curvaturesonto the
surface with a proper local curvature-dependentdensity before
deducingaquad-dominantmesh,with elementsnaturallyelongated
along local minimum curvaturedirections. Resultingmeshesare
very ef�cient, in the sensethat they capturethe main geometric



Figure10: Top: A dome-like shape, its linesof curvatures,theoutputof our remeshingprocess,its limit surfaceafter quad/trianglesubdivi-
sion,with twoclose-upsof thecap;Bottom:A squeezeddomeanda saddleshapeexhibit highanisotropy.

Figure11: Remeshinga pig. Row1, andright column: linesof minimum(blue)andmaximum(red)curvature, andtheanisotropic polygon
meshgenerated.Row2: close-upon an ear showingthelinesof curvatures,theresultingpolygonmeshwith conformingedges,thesurface
afterquad/trianglesubdivision(edgesof thecoarsemodelaresuperimposed),andthemeshafter two iterationsof subdivision.

featureswith a very low number of elements. This method
also offers control over the meshquality and density. Obvious
extensionsincludeauser-guidedselectionof thelinesof curvatures.

As future work we wish to �nd a way to sampleand remesh
directly on the manifold embeddedin a three-dimensionalspace,
without usinga parameterization.Finally, exploring otherresam-
pling solutionsis of interest. In particular, following thedirection
of minimum absolutecurvaturewould be in completeagreement
with approximationtheory[D'Azevedo2000].Thisapproachleads
to non-orthogonaledgeintersectionsin hyperbolicregions,which
is visually displeasingbut optimal in termsof approximationer-
ror. We plan to investigatethis alternatesolutionandevaluateits
relevanceto ourcommunity.
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MEYER, M., DESBRUN, M., SCHRÖDER, P., AND BARR, A. H., 2002. Discrete
Differential-GeometryOperatorsfor Triangulated2-Manifolds. Proceedingsof
VisMath.

PRESS, W., FLANNERY, B., TEUKOLSKY, S., AND VETTERLING, W. 1994.Numeri-
cal recipesin C – Theart of scienti�c programming, 2nded.CambridgeUniversity
Press,UK.

ROSSL , C., AND KOBBELT, L. 2000.Line-artRenderingof 3D Models. In Proceed-
ingsof Paci�c Graphics.

SANDER, P., GORTLER, S., SNYDER, J., AND HOPPE, H. 2002. Signal-specialized
parametrization.In EurographicsWorkshoponRendering2002.

SHIMADA , K., AND L IAO, J. 1998.QuadrilateralMeshingwith DirectionalityControl
throughthePackingof SquareCells. In 7th Intl. MeshingRoundtable, 61–76.

SHIMADA , K. 1996.AnisotropicTriangularMeshingof ParametricSurfacesvia Close
Packingof EllipsoidalBubbles.In 6th Intl. MeshingRoundtable, 63–74.

SIMPSON, R. B. 1994.AnisotropicMeshTransformationsandOptimalErrorControl.
Appl.Num.Math.14(1-3), 183–198.

STAM , J., AND LOOP, C., 2002.Quad/trianglesubdivision. Preprint.
TAUBIN, G. 1995.EstimatingtheTensorof Curvatureof aSurfacefrom aPolyhedral

Approximation. In Proceedingsof Fifth InternationalConferenceon Computer
Vision, 902–907.

TRICOCHE, X. 2002.VectorandTensorField Topology Simpli�cation,Tracking, and
Visualization. PhDthesis,Universiẗat Kaiserslautern.
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