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Figurel: Fromaninputtriangulatedgeometrythe curvatue tensor eld is estimatedthensmoothedandits umbilicsare deducedcolored
dots). Linesof curvatues (following the principal directions)are thentracedon the surface with a local densityguidedby the principal
curvatues,while usualpoint-samplings usednearumbilic points(sphericalregions). The nal meshs nally extractedby subsamplingand
conforming-edginsertion. Theresultis an anisotiopic meshwith elongatedjuadsalignedto theoriginal principal directions,andtriangles
in isotropic regions. Sud an anisotopy-baseglacemenbf theedgsandcellsmalesfor a veryef cient and high-qualitydescriptionof the
geometry A smoothsurfacecanbe obtainedby quad/trianglesubdivisionof the nenly geneatedmodel.

Abstract

In this paper we proposea novel polygonalremeshingechnique
thatexploitsakey aspecbf surfacestheintrinsicanisotiopyof nat-
ural or man-madeyeometry In particular we usecurvaturedirec-
tionsto drivetheremeshingrocessmimickingthelinesthatartists
themseleswould usewhencreating3D modelsfrom scratch.Af-
ter extractingand smoothingthe cunvaturetensor eld of aninput
genus-Gsurfacepatch lines of minimumandmaximumcurvatures
are usedto determineappropriateedgesfor the remeshedrersion
in anisotropicregions, while sphericalregions are simply point-
sampledsincethereis no natural direction of symmetrylocally.
As aresultour techniquegeneratepolygonmeshesnainly com-
posedof quadsin anisotropicregions,andof trianglesin spherical
regions. Our approachprovidesthe e xibility to producemeshes
rangingfrom isotropic to anisotropic,from coarseto dense,and
from uniformto curvatureadapted.

CR Categories: 1.3.5 [ComputerGraphics]: ComputationalGe-
ometryandObjectModeling—Boundaryepresentations.
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1 Introduction

Despitea recenteffort to malke digital geometrytoolsrobustto ar
bitrarily irregular meshesmostscannedurfacesneedto undego

completeremeshingalterationof the samplingandof the connec-
tivity; see[Turk 1992; Eck et al. 1995; Hoppe 1996; Lee et al.
1998; Kobbeltet al. 1999; BotschandKobbelt2001; Alliez et al.
2002;Gu et al. 2002]) beforeary further processingresultsof -
nite elementcomputationscompressiongr editingrely heavily on
an good descriptionof the original geometry Several techniques
have beenproposedverthelastdecadewith awide variety of tar
getapplications.In [Alliez etal. 2002], a thoroughreview shavs
thatmostexisting methodcombinemeshsimpli cation andvertex
optimization(see[Hoppeet al. 1993;Borouchakil1998]for exam-
ple); othersstartwith a completeresamplingof the surface[Turk
1992], mixedwith connectvity optimization.However, evenif this
remeshingorocesshasnowv beenmadeboth ef cient and e xible,
most techniquesdo not put ary constrainton the local shapeof
themeshelementsalthoughvertex densityis oftenrequiredto de-
pendon local curvaturesno conditionis imposedon the resulting
shapeandorientationof thetrianglesor quads.Wheneer we wish
to align or stretchmeshelementswith a certaindirection eld, we
needanisotiopic remeshing

Suchaspeci ¢ remeshings interestingor mary reasonsWhile
mary elliptic partial differential equationsdeally requiremeshes
with quasi-equilaterafriangles,elongatedelementswith large as-
pectratio areoftendesiredin the eld of simulation,for uid ow
or anisotropicdiffusionfor instance.ln thesecasesa2 2 matrix
(referredto asa Riemanniarmetric tensor)traditionally indicates,
for eachpointonthesurface thedesiredrientationandaspectatio
of themeshelementocally desiredBossenandHeckbert1996].

Additionally, several researcherén approximationtheory have
proventhatthe sameanisotropicequiremennaturallyariseswhen
anoptimalmeshis soughtafter: for a givennumberof elementsa
meshwill “best” approximatea smoothsurface(for the LP norms
with p 1) if theanisotroy of themeshfollows (in non-typerbolic
regions) the eigervaluesand eigervectorsof the cunvaturetensor
of the smoothsurfaceregions[Simpson1994; D'Azevedo 2000].
This canbeintuitively noticedby consideringa canonicakexample,
suchasanin nite cylinder: planarquadsin nitely stretchecdalong
thelinesof minimal cunatureprovide the bestpieceviselinearde-



scription. This similarity betweenapplicationsin simulationand
approximatioris not surprisingif we interpretboththeseresultsin
termsof optimal error control. In this paper we will explore the
problemof anisotropicremeshing.and presenta novel, ef cient,
and e xible stroke-basedemeshingechniquewhoselines contin-
uouslyfollow intrinsic geometrigpropertiesacrossamodel.

1.1 Previous Work

Becauseof the theoreticalubiquity of anisotropicmeshes.algo-
rithms for anisotropicremeshinghave beenproposedin several
geometry-relatecelds.

Anisotr opic  Triangle Remeshing Bossen and Heck-
bert [1996] proposedan anisotropictriangle meshingtechnique
for at, 2D regions on which a metric tensoris de ned. They
proceededhrough successie vertex insertions,vertex removals,
anditerative relaxationsthatincludeedge ips to align the edges
in accordancavith the metrictensor Shimadg1996] usedellipse
packingto introduceanisotroy in the remeshing;althoughthis
type of methodsgeneratedigh quality anisotropicmeshesvhose
elementonformpreciselyto the giventensor eld, this accurag
is obtainedat the price of ratherslowv computationsandresultsin
very limited waysfor a userto guidethe designof themesh.

Heckbertand Garland[1999] madean interestinglink between
the quadricerror metricusedin their meshsimpli cation [Garland
and Heckbert1998] andits asymptoticbehaior on nely tessel-
lated surfaces. In particular they demonstratedhat the triangles
resulting from their meshsimpli cation techniquewill be more
elongated along minimal cunvature directions. Suchremeshing-
through-simpli cationmethodgrovide fastresults butagain,leave
very little exibility in the process. Moreover, the anisotropic
behaior is only proven for ne meshes:the resultsshowv, how-
ever, alimited (anduncontrollableamountof anisotroy oncoarse
meshes. Finally, notice that work on featureremeshing[Botsch
and Kobbelt 2001] has also pointed out the importanceof using
anisotropidrianglesin featureregionsandof aligningtheiredgego
the principal directions,althoughno completeanisotropicremesh-
ing techniqueusingtheseprincipleswasproposed.

Anisotr opic Quad Remeshing Several works have alsofo-
cusedon usingquadrnglesfor remeshingdueto their appealing
tensorproductnature. Borouchakiand Frey [1998] describedan
anisotropictriangle meshgenerationandthentransformedhere-
sultingmeshinto a quad-dominanineshthrougha simpletriangle-
to-quadcorversion. ShimadaandLiao [1998], on the otherhand,
proposedto directly userectanglepacking, wherethe rectangles
are stretchedaccordingto a speci ed vector eld on the surface.
This computationalintensize packing leadsto a quad-dominant
anisotropiamesh alignedwith thegivenvector eld.

In ComputerGraphics,therehave alsobeenrecentattemptsat
nding anisotropicparameterizationfSanderet al. 2002; Guslov
2002]. Guetal. [2002] shaved how this couldbeusedto provide a
perfectlyregularremeshingf surfacemeshesHowever, nocontrol
overthealignmentof theedgeswith speci c directionsis provided.

Lines of Curvatures and Curvature-based Strokes Even
if anisotroy is arelatively recentresearctihemein meshprocess-
ing, this particularityof almostall shape$iaslong beennoticedand
usedby artists.A caricaturistfor instancepnly needsa few select
strokesto corvey stronggeometridnformation. Similarly, adigital
artistcreateor editsa 3D modelin a top-dovn fashion,usingthe
mainaxesof symmetriesanda few sparsestrokesto ef ciently de-
signthemesh contrastingdrasticallywith thelocal point-sampling
approachof mostautomaticremeshingechniquegFigure2). In
the scienti ¢ community studiesand previous non-photorealistic
renderingtechniqueshave also shavn how muchlines of cuna-
turesare essentiain describingthe geometry[Brady et al. 1985;
HertzmanrandZorin 2000]: sincelocaldirectionsof minimumand

maximumcurvaturesindicaterespectiely the slovestandsteepest
variation of the surface normal, theseanisotropic,intrinsic quan-
tities govern most lighting effects. In particular mary hatching
techniqueause strokesthat are alignedalong the principal curva-
tures: this resultsin a perceptuallyconvincing displayof comple
surfaceqInterranteetal. 1996;Interrante1997;RosslandKobbelt
2000;Girshicketal. 2000;HertzmanrandZorin 2000].

Figure 2: Artist-designedmodels (left) often conform to the
anisotopy of a surface contrasting with the corventional
curvatue-adaptedoint samplingusedin mostremeshingngines
(right).

1.2 Contrib utions

Although illustration and sketching techniqueshave beenusing
principal cunature strokes to represenigeometry graphicstech-
nigues rarely even exploit anisotroy of a surface to drive the
remeshingorocess Neverthelessa straightedgeon a coarsemesh
naturallyrepresents zero-curatureline on the surface. It there-
fore seemsappropriatgthoughnontrivial!) to directly placeedges
parallelto thelocal principaldirectionsn non-hyperbolicareagsee
Figure3, left), insteadof rst placingverticesto thenslowly opti-

mizetheir positionsin orderto align theinducededges.

In this paper we proposea principal cunature stroke-based
anisotropicremeshingmethodthat is both ef cient and e xible.
Lines of minimum and maximum curvature are discretizedinto
edgesn regionswith olbviousanisotroy (Figure3, left), while tra-
ditional point-samplingis usedon isotropic regions and umbilic
points wherethereis no favored direction (as typically done by
artists; seeFigure 3, right). This approachguaranteesn ef cient
remeshingsit adaptgo thenaturalanisotropy of asurfacein order
to reducethenumberof necessaryneshelementsWe alsoprovide
controloverthemeshdensity theadaptatiorio curvature aswell as
overtheamountof anisotroy desiredn the nal remeshedurface.
Thus, our techniqueoffers a uni ed framework to producequad-
dominantpolygonalmeshegangingfrom isotropicto anisotropic,
andfrom uniform to adaptedsampling.

Figure 3: Left: Skilled mesh designes tend to intuitively
align edges with lines of minimumand maximumcurvatues in
anisotiopic areas,asit providesa more compactrepresentatiorof
thelocal geometry Right: Point samplingis, however, preferredin
sphericalareaswhere no particular directionis perceived.

1.3 Overview

Figurel illustratesthe main stepsof our algorithm.We assumehe
original modelto be a genus-0,non closedtriangle mesh,possi-
bly provided with taggedfeatureedges(non-zerogenusinput can
be doneon a perchartbasis). In a preliminary step,we build the



feature skeleton[BotschandKobbelt2001;Alliez etal. 2002],rep-
resentingall thetaggedfeatureqcreasesndcorners)n a graphof
adjaceng. Themeshis now readyto beremeshed:
We rst estimatethe curvaturetensor eld of the surfaceat the
vertices,and deducethe two principal direction elds stored
asa 2D symmetrictensor eld in a conformalparametespace.
These elds arethensmoothedandthe degeneratepoints (um-
bilics) areextracted(seeSection2).
We thentrace a networkof lines of curvatue, with a density
guidedby the local principal curvatures,in orderto samplethe
original geometryappropriatelyalongminimumandmaximum
cunatures,in agreementith asymptoticresultsfrom approxi-
mationtheory Theisotropicregions(aroundthe umbilic points,
beingeithersphericabr at, arepoint-sampleainceno obvious
directionof symmetryis locally presen{seeSection3).
Finally, the verticesof the newly generatedneshare extracted
from theintersectionof linesof cunatureon anisotropicareas,
andaconstrained®elaunaytriangulationoffersaconvenientway
to deducethe nal edgedrom a subsamplingf thelinesof cur-
vature(seeSection4). The outputof our algorithmis a quad-
dominant anisotropic polygon mesh dueto the naturalorthog-
onality of the curvaturelines.
We discussthe variouscomputationageometryand numerical
tools we usedto signi cantly easethe implementationaswell as
our resultsin Sectionb.

2 Principal Direction Fields

Sincewe will baseourremeshingnethodon linesof cunvature,we

rst needto extract the principal curvatures. In this section,we
describehow the cunaturetensor eld of the input surfaceis ex-
tracted smoothedandanalyzed Most of thesestepsareperformed
directlyin parametespacefo speedip thecomputations.

2.1 Robust 3D Curvature Tensor Estimation

Due to the piecavise-linearnature of the input mesh, the very
notion of curvature tensor well known in Differential Geome-
try [Gray 1998], becomeson trivial, and subjectto variousde -
nitions [Taubin1995; Meyer et al. 2002]. In orderto have a con-
tinuoustensor eld over the whole surface,we build a piecavise
linear cunaturetensor eld by estimatingthe curvaturetensorat
eachvertex andinterpolatingthesevalueslinearly acrosgriangles.
However, locally evalu-
ating the surface curva-
ture tensorat a vertex is
not very natural. For ev-
ery edgee of the mesh,
on the other hand, there
is an obvious minimum
(i.e., alongthe edge)and
maximum(i.e.,acrosgheedge)cunature.A naturalcurvatureten-
sorcanthereforebe de ned ateachpointalonganedgeasnoticed
recentlyin [Cohen-SteineandMorvan 2003]. This line densityof
tensorscannow be integrated(averaged) over an arbitraryregion
B by summingthe different contritutions from B, leadingto the
simpleexpression:

b(e)

T (V)= 1 & b(e je\ B eet (1)
JBJ edgese

wherev is an arbitraryvertex on the mesh,jBj is the surfacearea
aroundv over which thetensoris estimatedp (€) is the signedan-
gle betweenthe normalsto the two orientedtrianglesincidentto
edgee (positive if corvex, negative if concae),je\ Bj is thelength
of e\ B (alwaysbetween0 andj€), ande is a unit vectorin the
samedirectionase. In ourimplementationywe evaluatethe tensor

atevery vertex locationv, for a neighborhood thatapproximates
a geodesidisk aroundthis vertex. This approximations doneby
simply computingthedisk aroundv thatis within aspherecentered
atv. The sphereradiusis speci ed by the user;a radiusequalto
1=100" of theboundingbox diagonaiis usedby default. To remain
consistentvith ourtensoreld evaluationthenormalateachvertex
cannow be estimatedy the eigervectorof T (v) associatedavith
the eigervalue of minimum magnitude.The two remainingeigen-
valuesk,,;, andkmax areestimatesf the principal curvaturesat v.
Notice thatthe associatedlirectionsareswitched the eigervector
associateavith theminimumeigervalueis themaximumcurvature
direction g4, andvice versafor g, (seeFigure4). This curva-
turetensorevaluationprocedurejn additionto beingintuitive and
simpleto implement,hassolid theoreticalfoundations aswell as
convergencepropertiegCohen-SteineandMorvan 2003].

Figure4: Principal directionsg,,;, and g, €Stimatedat meshver
tices,scaledby their respectiveurvatues.

2.2 Flattening the Curvature Tensor Field

To allow for fastsubsequenprocessingwe wish to ' atten' the
surface,alongwith its cunaturetensor eld. We usethe discrete
conformalparameterizatiorecentlypresentedh [L évyetal. 2002;
Desbrunet al. 2002] asthe solutionof choicefor mappingthe 3D
surfaceto a 2D domain:basedn a simplevariationalformulation,
this parameterizatiorautomaticallyprovides an angle-preserving
mapping,without xing ary boundarypositions,by simply solv-
ing a simple, sparsdinear system. We also computethe induced
areadistortionasadwcatedn [Alliez etal. 2002].

Onthis parameterizatiornwe cannow simply storethe 2D cuna-
turetensor(the normalcomponents no longerneeded) For every
vertex in this 2D parameterizationye thuscomputethe 2D curva-
turetensorT suchas:

Ko 0

0 kmax P (2)

We do not needto computethe matrix P in practice. The tensor
canbe found simply by picking an edgefrom the 1-ring, project-
ing it onto the tangentplane,and computingthe signedangle a
betweerthis projectionandtheeigervectorof the maximumeigen-
value: the quasi-conformalityof our parameterizatiomallows usto
now nd the projectedeigervectorby startingfrom the sameedge
in parametespaceandrotatingit by a. Theothereigervectorbe-
ing orthogonalto the rst oneby de nition, the symmetricmatrix
representind cannow befoundexplicitly.

Oncewe have T ateachvertex, the 2D tensor eld is theninter
polatedinearly, i.e.,thematrix coefcients arelinearlyinterpolated
over eachtriangle (thereare only threecoefcients to interpolate,
sincethematrixis symmetric).Thereforefor ary value(u; V) in the
parametespacewe canreturnthevalueof thelocaltensorT (u; v).



2.3 Tensor Field Smoothing

Although the averagednature of our tensor construction(Sec-
tion 2.1) tendsto remove local imperfectiondueto the piecavise-
linear description of our input meshes,an additional pass of
smoothingover theresulting2D tensor eld is oftenmostneeded.
Indeed,if a coarseremeshingof the surfacegeometryis desired,
we rst have to smoothand simplify the tensor eld in orderto
only capturethe globalgeometryof the surface.However, if avery
detailedremeshings desiredno or little smoothings needed.

A Gaussianltering of the tensor(coefcient by coefcient) is
performeddirectly in the parametespace.This s ef ciently done
by placingasmalldisk aroundeach2D vertex of our parameteriza-
tion, with aradiusinverselyproportionako thelocal areadistortion:
theconformalnatureof theparameterizatiowill keepit ageodesic
disk. We thenconvolve the eld usingthis circular, isotropicsup-
port for the Gaussiarfunction. Although this fastcorvolution is
sufcient in mostcasegseeFigure5), a moreanisotropicsmooth-
ing of the threetensorcoefcients can also be performedwhen
highergeometricdelity is required:thereadercanreferto [Hertz-
mannandZorin 2000]or [Meyer etal. 2002] for possiblepractical
solutions.We nally getasmoothedgontinuousurvature eld that
encodeghe principal directionsalongwith their associated¢urva-
turesasits eigervectorsandeigervaluesrespectiely.

Figure5: Progressivesmoothingof the principal direction elds.

From left to the right: initial minimal curvatue directions, the
sameregion after 10 smoothingterations,and anotherview of the
smoothedeld. Althoughthe smoothings computedn parameter
spacethetensor eld hasbeenprojectedbad ontothe surfacefor

illustration purposesThecolor dotsindicateumbilics.

2.4 Tensor Field Umbilic Points

The topology of a tensor eld is partially de ned by its degener
ate points, calledumbilic points Suchdegeneratepointsof a 2D

symmetrictensor eld areatlocations(u;;v;) suchas:
I 0
T(ww)= o [ = (3)

This corresponddgo the regions of the meshwherethe eld is
isotropic, i.e., wherethe surfaceis locally sphericalor at. To nd
the umbilic points of our piecavise-lineartensor eld, we follow
Tricoche[2002]: we de ne the deviator partD of our tensor eld
T, obtainecthrough:

a b

1
D=T Jt(M= , 5 )

wherethe specialcasea = b = 0 corresponds$o anumbilic point.
Dueto the linear interpolationwithin eachtriangle,only oneum-
bilic pointcanexist pertriangle,andit locally correspondso either

awedg type, or atrisector type[Tricoche2002] asshowvn in Fig-
ure 6. All the umbilics can easily be found by going over each
triangleandsolvinga2 2 linearsystem.They arethenclassi ed
using a third-orderpolynomial root- nding problemasdescribed
in [DelmarcelleandHesselinkL994]. We keepalist of all thetypes
and2D positionsof theseumbilicsfor furthertreatmentNotice -
nally thatthesmoothingof thetensoreld describedn theprevious
sectiondrasticallyreduceghe numberof umbilic points,asit also
simpli es thetopologyof the extractedcurvaturetensor eld.

Figure6: Trisectorandwedg umbilic pointsare the only possible
singularitiesof a piecavise-lineartensor eld.

2.5 Taking Care of Features

Whentaggedfeaturesare presenton the input mesh,specialcare
mustbe usedduring extraction, smoothing,and umbilic analysis.
First, the averagedregions over which we integratethe cunvature
tensoramustbe clippedif they intersecta feature.Indeed feature
linesoftenrepresena signi cant discontinuityin the geometry(as
betweertwo adjacentacesof a cubefor instance)anda one-sided
evaluationis thereforerecommendedSecondthe smoothingstep
must also perform the sameclipping (in the 2D planethis time)

duringthe Gaussiarsmoothingof a vertex v neara featurealsoto

avoid “contamination”betweerseparateegions;afterthe clipping

is done,the contritution dueto a featurevertex locatedwithin the

supportis setto bethe averageof thevaluesof its neighborsonthe

sameside of the featureasv. Theseoperationssimpleto imple-

ment,aresufcient to dealcorrectlywith features.

Oncea smoothedensor eld is obtained the next stageof our
algorithmconsistsn resamplingthe original geometrystoredasa
2Dtensoreld in parametespaceusingbothpointsandcunature-
directedstroles.

3 Resampling

At this stage,we wish to anisotropicallyresampleour geometry
Although a large majority of techniquesperform resamplingby
spreading0-elementgvertices,isotropic by nature)over the sur
face,this way of proceedingloesnot qualify asanisotropic.How-
ever, 1-elementgedges)are, by nature,anisotropicasthey repre-
senta sgmentof zero curvaturelocally. Therefore,we propose
to resamplethe geometryby what is known as lines of curva-
tures[Gray 1998]: thesdinesarealwaysalongeithertheminimum,
or the maximumcurvatures. With a properdensityin agreement
with local curvatures sucha network of orthogonakurveswill ad-
equatelydiscretizethe object. The nal edgeswill be found by
subsamplingheselines. Basedon theseobserations,we shav in
this sectionhow anisotropicareasaresampledwith a setof curves
alignedalong principal directions,and how isotropic (i.e., spheri-
cal) areasaresimply discretizedwith points(seeFigure?).

3.1 Curve-based Sampling for Anisotr opic Areas

Our goalis to tracea network of orthogonallines of cunaturein
anisotropicareas. We presentthe numericalapproachwe usedto
successfullytracinglines, beforegiving detailson wheee the lines
aretracedonthesurface.



1. vertices (points) 2. edges (e.g., Delaunay) 3. faces
. o o
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o

2. vertices (intersections) 3. edges (curve approximation) 4. faces

Figure 7: Point-basedsamplingvs. curve-basedampling: while
mosttechniquesspread vertices r st before deducingedges and
facesweuselinesof curvatuieson anisotiopic areasto nd vertex
positions before simplifyingtheselinesto straight edges,andthen
deducingaces.Notethatweuseregular point-samplingon nearly-
isotropic areassinceprincipal directionsare meaninglessvhenthe
surfaceis almostspherical.

1. lines of curvatures

3.1.1 Lines of Curvatures

By de nition, aline of maximum(resp. minimum) curvatureis a
curve on a surfacesuchas,at every point of the curve, the tangent
vectorof this curve is collinearwith the principal directionof the
surfacethat correspondso the maximum(resp. minimum) curva-
ture. Eachline of cunatureeitherstartsfrom an umbilic pointand
endsatanothemone,or hasaclosedorbit, or canenterandexit from
thedomainbounds.Onecantracesuchacurve C :t 7! u(t);v(t) in
the parametespace(u; V) of the surface(seeSection2.2) by inte-
gratingthefollowing ordinarydifferentialequation:

uwy 2 .
v S OF (5)
whereg is aneigervectorof T(u(t);v(t)). More precisely gis the
eigervectorassociatedavith the smallest(resp. largest)eigervalue
of T whencomputinga line of maximum(resp. minimum) curva-
ture.

3.1.2 Numerical Integration of a Line

Equation(5) canbe numericallysolved with anembeddedourth-

orderRunge-Kuttaintegrationwith adaptve step[Pressetal. 1994]

wherethe steplengthis weightedby the norm of the deviator (see
Section2.4), as recommendedy Tricoche[2002]. If a starting
point (u(?;\9) is chosenthelocal tensoris directly evaluatedon

the parameterizatiomnd its associateetigervector g is computed
on the y: the integration routine provides the next point along
theline of curvature. By iteratingthis processwe nd a seriesof

locations(u®; (¥ thatde nes a piecavise-linearapproximation
of aline of curvature.Noticethatoncetheline ends(at anumbilic

point, at a featureline, at the boundaryor closeto anotherine of

cunvature),we startagain at (uy; V) but in the oppositedirection
this time, to completethe line. We now turn to the problem of

nding thelocal densityrequiredfor theselinesof curvature.

3.1.3 Local Density of Lines

Two pivotal questionsat this point of the algorithm are: how
mary lines should be traced on the surface, and where should
we trace them? A partial answeris to rst computethe de-
sired density of lines neededat ary given point on the surface,
or, inversely the spacingdistancebetweentwo lines. To achieve
this, rst considertwo lines of cunaturevery closeto eachother
A crosssectionof the surface, normal to

thesetwo lines, will shav an approximate

arcof circle (thelocal osculatingcircle of the

surface)with two pointsonit corresponding =1

to the traceof thesetwo lines. A linear ap-

proximation betweenthesetwo points will

be away from the actualosculatingcircle (i.e., the surface)by a
small distance. If we wantto guaranteethat this distanceis less

thane in orderto minimize the pieceavise-linearreconstructiorer
ror, thedistanced betweerthetwo pointsmustbe dependenbn k
asfollows: s

2

dk)=2 e — e : 6
(k) 7 (6)
This meansthat for any point on a line of maximum(resp. min-
imum) curvature, an approximationof the optimal distanceto
the next line of samecunatureis dmax= d(K,) (resp.,dy,, =
d(kmay). Noticethat,in thelimit (aselementareagoesto zeroon
adifferentiablesurface),Equation(6) leadsto anaspectatio of the

rectangulaelementsequalto:

S
Omax JKmax .

dmin J.kminj ,

which coincideswith theresultobtainedby [Simpson1994]in ap-
proximationtheory The spacingbetweenlines of curvaturede-
ned above thusprovides,for ne meshespptimal approximation
of theunderlyingsmoothsurface.Iln ourimplementationthesethe-
oreticaldistancesreapproximatedjuitewell directlyin parameter
space:dueto the conformalnatureof the parameterizationmul-
tiplying sucha distanceby the local areastretching[Alliez et al.
2002]will provide the distancdn the parametespace.

()

3.1.4 Curve-based Sampling

Now that we know both how to tracelines of curvatureand how
spacedhey shouldbe, we canstartthe curve-basedsamplingper
se. High-quality placemenbf streamlineshave alreadybeenstud-
ied in otherapplications for visualizationof vector elds for in-
stance. Different approachesusing image guidance[Turk and
Banks1996], adaptedseedingJobardand Lefer 1997], andmore
recently o w-guidedseeding[Vermaet al. 2000], have beenpro-
posed,but always for regularly sampled elds. It is howvever a
trivial matterto adaptthemto our contet: the techniquewe de-
scribenext is thereforea hybrid versionof [JobardandLefer1997],
and [Vermaet al. 2000]. We will deal with the lines of mini-
mumcurvatureandthelines of maximumcunatureindependently
We rst put all the um-
bilic pointsinto a list of
potential seedsfor lines
of cunatures. We then
begin by tracinglines of
maximum (resp. min-
imum) curvature origi-
nated from the umbilic
point with maximum absolutecurvature, as proposedin [Verma
etal. 2000]. Oneline getsstartedif the umbilic pointis a wedge,
while threeget startedif it is trisector to respectthe local topol-
ogy of thevector eld (seeFigure6). If noumbilicswerepresent,
we startthe line at the point with the largestjk ;. j (resp. jkmax)-
After eachintegrationstepneededo tracethe line of curvature,a
pair of seeds placedorthogonallyto the currentline at the ideal
distance(computedocally asin Section3.1.3),is addedto thelist
of potentialseedgJobardandLefer 1997].

Thecurrentline is traceduntil oneof thesecaseshappen:

theline reachesnothemumbilic point;

theline comeshackcloseto its startingseed:in this casealoop

is created,;

theline crossesinedgeof thefeaturegraphor thedomainbound-

ary;

or the line becomegoo closeto an existing line of maximum

(resp.minimum)cunature.

The notion of closenesén the explanationsabove is relative to
the local optimal distanced,,;, (resp.,dmax) betweenlines. How-
ever, we arti cially decreaseéhe optimaldistanceseartheumbilic

streamline



pointsto allow for a higher delity discretization. The setof po-

tentialseedsareputin a priority queuesortedby thedifferencebe-
tweenthelocal optimaldistanceat this seedandtheactualdistance
to astreamline Theseedthatbest ts thelocal requirements then
usedto starta new line, asdescribedabove. We performthis seed
selectiorandthesubsequeriine tracingiteratively until acomplete
coverageis obtained.A nal checkis performedio malke surethat
no large areasarestill uncovered. This is doneby randomlysam-
pling the parameterizatiospaceand evaluatedesireddistancevs.

actualdistances.Generally only a handful of additionallines of

cunaturesgetstartedhis way.

Proximity Queries Sincethealgorithmdescribedabore makes
heary useof distancecomputationsywe musthandleall the proxim-

ity querieswith careandef ciency. Dueto thehighly non-uniform
distribution of sampleaisedon the surface,a quad-treedatastruc-
turewould not pay off. Insteadwe optedfor a conventionalcom-
putationalgeometrytool, for which optimizedimplementationgre
readily available (suchasin CGAL [Fabri et al. 2000], the library

we use): a constained Delaunaytriangulation (CDT). Indeed,a
CDT allows for fastproximity queriesto constraintsfurthermore,
exploiting the coherencef requestgaswe adwancealongtheline

of cunvature)throughfacecachingresultsin nearlinearcomplexity

in the numberof samples.We proceedasfollows: we rst enter
eachfeaturesggmentin a CDT. Then,while we traceoneline of

curvature,we cacheeachof its samplesand performthe proxim-

ity queriesn thecurrentCDT, providing distancego existing lines
andfeatures.Whenwe aredonewith this line, we incorporateall

its constitutingsegmentsinto the CDT as constraintsand starta
new line.

Control Parameters Thesamplingprocesss made e xible by
providing theuserwith threetypesof control. First,theparametee
indicatingthegeometricaccurayg of theremeshindseeEquationb)
is aneasyway to guidethe numberof lines of cunature. Second,
the usercan also apply a transferfunction F (asin [Alliez et al.
2002])to thecurvaturesto tunetheamountof curnvatureadaptation
of the nal mesh. Finally, the amountof isotropy vs. anisotroy
is selectedthrougha valuer 2 [0;1]. We turn the optimal dis-
tancede nitions from Equation6 into: dmax= d(r =2j kmay + (1
r=2) jKpin) andd ;= d(r =2jKkpid + (L r=2) jKkmay)-

3.2 Point-based Sampling in Spherical Areas

In sphericaland at areasthe surfacehasno specialdirection of
symmetry; placing edgesin this casedoesnot malke sense. We
thereforeusea moretraditional point samplingtechniquein these
regions. Although ef cient [Alliez et al. 2002] or precise[Alliez
etal. 2003]point-samplingnethodxouldbeused,t mustbenoted
thattheseregionsare extremelyrare: exceptfor canonicalshapes
suchasa planeor a spherethe tensorsmoothingwe initially per
form tendsto reducethe sphericalregionsto singleumbilic point,
for which samplingis straightforvard.

Whenaregion hasseveralumbilic points,we only pick a subset
of themto samplethe region accordingto desiredspacing(com-
putedusingEquation(6) again). A scorefor eachumbilic pointis
computedasa function of its desireddistanceandthe actualdis-
tanceto anotherselectedsampleor to a featureline!. The best
t is selectedtaggedas being an isotropic sample and we iter-
atethis procesauntil we canno longeradd samples.Notice that,
occasionallywe useup all the umbilics without meetingthe den-
sity requirementThis canonly happerwhenlargetrianglesin at
regionsarepresenisinceonly onepossibleumbilic pointwasgen-
eratedper triangle,a at region may be undersampled)In these

1This distanceds computedhrougha proximity queryto the CDT. Addi-
tionally, sampleghatareselectedwill beincorporatedn the CDT in order
to take theminto accounffor futurerequests.

rarecasesyve iteratively addmorerandomsamplesn thetriangles
andproceedwith thebest- t selectionalgorithmuntil saturation.

4 Meshing

Thepreviousresamplingstagehasspreada serieof linesof curva-

turesandisotropicsamplesover the surface. We now mustdeduce
the nal cells,edgesandverticesof ourremeshingrocesgo com-

pleteourwork. Principalcurvaturesbeingalwaysorthogonato one
anotherthenetwork of linesof curvatureshave createdvell-shaped
quadregionsall overthesurface.We capitalizeon this obsenation

to extracta quad-dominanmeshasfollows.

4.1 Vertex Creation

In anisotropicregions,we tracedlines of cunatureusingpolyline
approximationavhile we usedregular samplepointsfor spherical
and at regions. Theverticeswill thereforebethe intersectionof
cunaturelines,andtheisotropicsampleghatwe spread While the
isotropicsamplegdo not requireary speci ¢ treatmentcomputing
theline intersectiorhasto be performed.

In orderto performtheseintersectiongjuickly, aswell asto pre-
pareusfor thenext stepswe make useof aCDT again,in parameter
space.We rst enterall the featuresedgesasconstraintsn a new
CDT. We addall thelittle segmentsde ning thelinesof curvatures
sequentiallyasconstraintsaswell. Finally, the isotropicsamples
areaddedasverticesin the CDT. The vertices,intersectiorof fea-
turesor of the lines of cunatures have automaticallybeenadded
to the CDT sincetwo intersectingedgeconstraintswill generatea
vertex insertion:thevertex creationphases over.

Notice that the performanceof this phaseis, agin, heavily af-
fectedby the orderin which the constrainedsegmentsare added.
We found,notsurprisingly thatrandominsertionleadsto slow per
formance. On the other hand, addingthe segmentssequentially
along eachline of curvatureresultsin almostlinear compleity,
asthe incrementalCDT bene ts from spatial coherencehrough
caching. In our tests,the whole CDT processhasbeenthis way
fasterthanary of the otheralgorithmsdedicatedo segmentinter
sectionsve have tried without exploiting spatialcoherence.

4.2 Edge Creation

Thelinesof cunaturesmustnow be subsampletdh orderto extract

therelevantedges.Althoughit could seenthatsimply joining the

previously-extractedverticeswould do, we mustproceedwith care

to avoid folds on the mesh. We usea straightforvard decimation
procesghat safelyremovesall uselesssamples:going repeatedly
over eachvertex presenin the CDT, we eliminatethosewhich:

areRunge-Kittasamplesandhave only oneconstraintseggment
attachedit will trim away all danglingcunaturelines)(seeFig-
ure8,A);
have zero constrainedsggmentsattachedand are not isotropic
samplegverticesof this type appeaduring the decimationpro-
cesswhenacunatureline disappearsotally for instance);
have two constrainedegmentsof sametypeattachedtwo mini-
mum curvatureline sggmentswo maximumcurvatureline sey-
ments,or two featureedges)—ht only if removing thesetwo
sggmentsandreplacingthemby asingleconstrainsegmentdoes
notcreateary new intersectiongseerigure8,B). Thislastcondi-
tion guaranteethatour graphof region adjacenciestaysplanar:
it will preventfoldingin the nal mesh.
Thisdecimatioris performeduntil we cannolongerdeletevertices.
While this procesdastakencareof theanisotropiaegions,we still
do not have edgesn isotropicregions. This is easilyremediedby
nally addingthe CDT edgesincidentto the isotropicsamplesas
constraintsit will provide a triangulationof eachsphericalor at
region (furtheredge-svapscanbeperformedaterto reducevalence
dispersioror approximatiorerror; seefAlliez etal. 2002]).



Figure 8: Remeshinghase: a dome-lile shapeis sampledwith

lines of curvatues. All the curvatue line segmentsred/blue)and
thefeatue edges(green)are addedas constaintsin a CDT in pa-

rameterspace TheCDT createsa densdriangulation; arapidver

tex decimation(A,B) thensuppessesnostsmalledges,andleaves
only few vertices,de ning a coarse polygonalmesh. Addingcon-
straint edgesto the umbilic (center)point takes care of the near

sphericalcap.

4.3 Polygon Creation

The last stageof our remeshingphaseextractsa nal polygonal
meshfrom the CDT by nding all regionsentirely surroundedy
constrainecedges:thesewill be our polygons. This canbe done
efciently by simply visiting eachCDT triangle onceand recur
sively visit its neighborauntil constrainedgesarereachedseerig-
ure8,C). Theseextractedpolygonsbeingpossiblyconcae we per
form a convex decompositiorusinganimplementatiorof Greenes
dynamicprogrammingalgorithm[Greenel983] (alsoincludedin
CGAL). We provide an additionaloptionto boundthe highestde-
greeof the polygonsto easilyallow for quad/triangleneshgenera-
tion. Thistaskis achiezedthrougha recursve polygonpartitioning
algorithmthat usessimplerulesfor conforming-edgénsertion,as
indicatedin Figure9.

Figure9: A hybrid quad/trianglemeshis geneatedby addingcon-

forming edgesto T-junctionsin a systematiananner(this tableis
notexhaustive).

5 Results and Discussion

Differentremeshingexamplesfor relatively simple shapesareil-
lustratedin Figure 10. A dome-like shape( rst row) exhibits a
sphericabreaatthetop, andanisotropicareaslsavhere.Thelines
of maximumcunature corverge towardsthe umbilic point at the
top, and the lines of minimum curvature are concentric,closed
circles. The verticeson the boundaryhave beendeducedfrom
intersectiondetweenfeaturegraphand lines of curvatures. No-
tice how the areanearbythe umbilic point hasbeentriangulated,
while otherareashave beentessellatedvith elongatedfour-sided
elements For illustration purposesa quad/trianglesubdvision al-
gorithm [StamandLoop 2002; Levin 2003], designedo presere
the hybrid (quad/trianglektructureis appliedto generatea smooth
surfacefrom thenewly generatedoarsemesh.Stretchinghedome
(secondrow) totally modi es the distribution of cunatureson the
surface,generatingatherelongatedelementon highly anisotropic
areas Finally, a saddle-lile shapesxempli es the variousspacings
happeningsafunctionof curvatures.

The modelof a pig entirely remeshedvith our techniqueis il-
lustratedin Figure1l. The curvature-basedamplingof our lines

of cunaturesproduceselongatedquadsin anisotropicareas. The
edgegendto follow thelocal directionsof symmetry asexpected.
Conformingedgeshave beenaddedto the outputpolygonalmodel
in orderto obtaina hybrid quad/trianglemodel. The secondrow
shavs a close-upof the ear along with a surface obtainedby
quad/trianglesubdvision.

Finally, threeotheranisotropicallyremeshednodelsare shavn
in Figure12. The octa- ower (A) is choserto illustratepiecavise
smoothanisotropicremeshingG,H). Thedirection elds areesti-
mated thenpiecevise smoothedsdescribedn Section2.5 (B-F).
The closeup(C) illustrateshow the direction elds are not in u-
encedby the features,or by eachotheracrossthe sharpcreases.
Remeshinghe bunny headwith threeresolutionss illustratedby
Figure12(1); noticethe placemenbf theelementontheears.The
eye andthe earof the Michelangelos David modelshav therich-
nessof the geometry: the lines of curvaturesconformto all the
details, creatinga meshadaptedto the ‘anatomy’ of the original
model. Note thatwe shav the resultingpolygonalmeshbeforein-
sertionof conformingedges.

Timing  Our currentimplementationallows us to processthe

handmodel (Figure 1) in 0:4s for the tensor eld computations,
60s for the samplingphase and 1s for the nal remeshingphase.
Theseimingsaretypical of all othermodels with the exceptionof

the entireheadof Michelanglo's David thatrequired8 minutesto

resample.Giventhat no post-optimizatiorprocesss required,we

regardthesenumbersasvery reasonable.

Implementation  As indicatedthroughthis paperwe have tried
to systematicallyjusenumericaltechniquesand computationabe-
ometrytools optimizedandreadily availableto decreas¢he dif -
culty of implementationWe stronglyadviseagainstanimplemen-
tation“from scratch”of our technique:it would resultin weeksof
coding, with slow and brittle results. The useof numericaltech-
niguespolishedover time, andof anoptimizedandrobustcompu-
tationalgeometnylibrary guaranteea mucheasietimplementation,
aswell asfastandrobustresults.For instancetheremeshingartof
ourtechniquaequiresonly 200linesof codewheninterfacedwith
CGAL with anappropriateltered kernel[Fabrietal. 2000],while
earliertrials madefor signi cant (tentimes)larger code,andless
robustandef cient results.For referencethetensor eld process-
ing coderequires1000lines, while the samplingprocesss 5000
lines. Notice alsothatbeingableto handlethe David's headmesh
is proof of numericalrobustness:even very large areadistortion
dueto attening is accommodatetbr.

Limitations  Dueto the global parameterizationsedin this pa-
per, the techniqueis limited to genus-Opatches. For closedor

genug$ 0 objects,this requiresto go through chart construction
and surfacecutting. Besides,the main bottleneckof our current
approachis clearly the samplingstage. Althoughit is undeniably
themostimportantstage,nding heuristicgoimproveit or to speed
it upwould be desirableIn addition,it would alsobe usefulto de-
velopafastoptimizationphasewhenhigherquality boundson the
samplingdensityareneededFinally, moving theremeshedertices
out of theoriginal manifold could drasticallyimprove the resulting
error approximation but this is not the focus of this work, andit

will beexploredatalatertime.

6 Conclusions and Future Work

We have introduceda novel approactto remeshinggexploiting the
natural anisotroy of most surfaces. Imitating artists' curvature
strokes usedin caricatureswe tracelines of curvaturesonto the
surface with a proper local curvature-dependendensity before
deducingaquad-dominanmneshwith elementsaturallyeloncated
alonglocal minimum cunaturedirections. Resultingmeshesare
very efcient, in the sensethat they capturethe main geometric



Figure10: Top: A dome-lile shapeits linesof curvatues,the outputof our remeshingrocessits limit surfaceafter quad/trianglesubdivi-
sion, with two close-upof the cap; Bottom: A squeezedomeanda saddleshapeexhibit high anisotopy.

Figure1ll: Remeshin@ pig. Row1, andright column:lines of minimum(blue) and maximum(red) curvatuse, andthe anisotopic polygon
meshgeneated. Row?2: close-upon an ear showingthelines of curvatues,the resultingpolygonmeshwith conformingedges, the surface
after quad/trianglesubdivision(edgesof the coarsemodelare superimposedpndthe meshafter two iterationsof subdivision.

featureswith a very low number of elements. This method
also offers control over the meshquality and density Olvious
extensionsncludeauserguidedselectiorof thelinesof curvatures.

As future work we wish to nd a way to sampleand remesh
directly on the manifold embeddedn a three-dimensionaspace,
without usinga parameterizationFinally, exploring otherresam-
pling solutionsis of interest. In particular following the direction
of minimum absolutecunvaturewould be in completeagreement
with approximatiortheory[D'Azevedo2000]. Thisapproacheads
to non-orthogonakdgeintersectionsn hyperbolicregions, which
is visually displeasingbut optimal in termsof approximationer-
ror. We planto investigate this alternatesolution and evaluateits
relevanceto our community

Acknowledgments  Meshesare courtesy of the Michelangelo project,
www.aranz.comandY. Ohtale. The authorswish to thank Xavier Tricochefor ad-
vice, Mariette Yvinec, AndreasFabri and Lutz Kettnerfor their help with CGAL,
Steven Schiolne, NathanLitke and PeterSchibderfor proof-readingand Softimage
for their modeler This work wasfundedin partby the ARC Télegeogrant(INRIA),
the ECG projectof the EU No IST-2000-26473andthe NSF (CCR-0133983PMS-
0221666 DMS-0221669EEC-9529152).

References

ALLIEZ, P, MEYER, M., AND DESBRUN, M. 2002. Interactve GeometryRemesh-
ing. ACM Transactionon Graphics21(3), 347-354. ACM SIGGRAPHconfer
enceproceedings.

ALLIEZ, P, COLIN DE VERDIERE, E., DEVILLERS, O., AND |SENBURG, M. 2003.
Isotropic Surface Remeshing.In ShapeModeling International ConfeencePro-
ceedings To appear

BOROUCHAKI, H., AND FREY, P. 1998. Adaptive TriangularQuadrilateralMesh
GenerationIntl. J. NumerMethodsEng 41, 915-934.

BOROUCHAKI, H. 1998. GeometricSurfaceMesh. In Int. Conf on Integratedand
Manufacturingin Mechanical Engineering 343-350.

BosseN, F., AND HECKBERT, P. 1996. A Pliant Method for Anisotropic Mesh
GenerationIn 5th Intl. MeshingRoundtable63-76.

BoTscH, M., AND KOBBELT, L. 2001. Resampling~eatureand Blend Regionsin
PolygonalMeshesfor SurfaceAnti-Aliasing. In Eurographicsproceedings402—
410.

BRADY, M., PONCE, J., YUILLE, A., AND ASADA, H. 1985. DescribingSurfaces.
Journal of ComputeiMision, Graphics,and Image Processing32, 1-28.

COHEN-STEINER, D., AND MORVAN, J.-M. 2003.Restrictedlelaunayriangulations
andnormalcycle. In Proc. 19thAnnu.ACM SymposComput.Geom.

D'AzEVEDO, E. F. 2000. Are Bilinear Quadrilateral8BetterThanLinear Triangles?
SIAMJournal on Scienti c Computing22(1), 198-217.

DELMARCELLE, T., AND HESSELINK, L. 1994. The Topology of Symmetric,
Second-OrdeTensorFields. In IEEE MsualizationProceedings140-145.



Figure 12: A-H: the octa- ower geometryillustratesthe behaviorof our remeshingedniquefor piecavise smoothsurfaces. Principal
direction elds are estimatedandpiecavisesmoothedC) (seeSectior2.5). I: Thebunny's headis remeshedvith differentmeshdensities.J:
Finally, Michelangelo's Davidis remeshedclose-up®ntheeyeandtheear showthecompleity of themodel andhowthelinesof curvatues
matc thelocal structues. Belowis anothercloseup onthewholefacethis time with linesof curvatuesand nal polygonalmesh.

DESBRUN, M., MEYER, M., AND ALLIEZ, P. 2002. Intrinsic Parameterizationsf
SurfaceMeshes.In Proceeding®f Eurographics 209-218.

Eck, M., DEROSE, T., DUCHAMP, T., HOPPE, H., LOUNSBERY, M., AND STUET-
ZLE, W. 1995.MultiresolutionAnalysisof Arbitrary Meshesin ACM SIGGRAPH
ConfeenceProceedings173-182.

FABRI, A., GIEZEMAN, G.-J., KETTNER, L., SCHIRRA, S., AND SCHONHERR, S.
2000. On the Designof CGAL, a ComputationalGeometryAlgorithms Library.
Softw— Pract. Exp.30, 11,1167-1202www.cgal.org.

GARLAND, M., AND HECKBERT, P. 1998. Simplifying Surfaceswith Color and
TextureusingQuadricError Metrics. In IEEE MsualizationConf Proc., 263—-269.

GIRSHICK, A., INTERRANTE, V., HAKER, S., AND LEMOINE, T. 2000.Line Direc-
tion Matters:anArgumentfor theuseof PrincipalDirectionsin 3D Line Drawings.
In InternationalSymposiunon Non Photorealistic Animationand Rendering

GRAY, A., Ed. 1998. ModernDifferential Geometryof Curvesand Surfaces Second
edition.CRCPress.

GREENE, D. H. 1983. The Decompositiorof Polygonsinto Convex Parts. In Com-
putational Geometry F. P. Preparatakd., vol. 1 of Adv Comput.Res.JAl Press,
GreenwichConn.,235-259.

Gu, X., GORTLER, S., AND HOPPE, H. 2002. Geometrylmages. In ACM SIG-
GRAPHConfeenceProceedings355-361.

Guskov, |. 2002.An AnisotropicMeshParameterizatioschemeln Proceeding®f
11thInternationalMeshingRoundtable325-332.

HECKBERT, P., AND GARLAND, M. 1999.OptimalTriangulationandQuadric-Based
SurfaceSimpli cation. Journal of ComputationalGeometry:Theoryand Applica-
tions 14(1-3)(nov), 49-65.

HERTZMANN, A., AND ZORIN, D. 2000. lllustrating SmoothSurfaces. In ACM
SIGGRAPHConfeenceProceedings517-526.

HorpPE, H., DEROSE, T., DUCHAMP, T., MCDONALD, J., AND STUETZLE, W.
1993. MeshOptimization.In ACM SIGGRAPHConfeenceProceedings19-26.

HoPPE, H. 1996.Progressie MeshesIn ACM SIGGRAPHConfeenceProceedings
99-108.

INTERRANTE, V., FUCHS, H., AND PIZER, S. 1996.lllustratingTransparenSurfaces
with Cunature-directedbtrokes. In IEEE Msualization

INTERRANTE, V. 1997. llustrating Surface Shapein Volume Data via Principal
Direction-Driven 3D Line Integral Corvolution. In ACM SIGGRAPHConfeence
Proceedings109-116.

JOBARD, B., AND LEFER, W. 1997. CreatingEvenly-Spacedstreamlinef Arbi-
trary Density In Proceeding®f the EurographicsWorkshopon Visualizationin
Scienti c Computing 45-55.

KOBBELT, L., VORSATZ, J., LABSIK, U., AND SEIDEL, H.-P. 1999. A Shrink
WrappingApproachto RemeshingPolygonalSurfaces. ComputerGraphicsFo-
rum, Eurographics'99 issuel8, 119-130.

LEE, A. W. F., SWELDENS, W., SCHRODER, P., COWSAR, L., AND DOBKIN, D.
1998. MAPS: Multiresolution Adaptive Parameterizatiorof Surfaces. In ACM
SIGGRAPHConfeenceProceedings95-104.

LEVIN, A. 2003. Polynomialgeneratiorand quasi-interpolationn stationarynon-
uniform subdvision. ComputerAidedGeometricDesign20(1), 41-60.

LEVY, B., PETITIEAN, S., RAY, N., AND MAILLOT, J. 2002. LeastSquaresConfor
mal Mapsfor Automatic Texture Atlas Generation.In ACM SIGGRAPHConfer
enceProceedings362-371.

MEYER, M., DESBRUN, M., SCHRODER, P, AND BARR, A. H., 2002. Discrete
Differential-GeometryOperatorsfor Triangulated2-Manifolds. Proceedingof
VisMath.

PRESS, W., FLANNERY, B., TEUKOLSKY, S., AND VETTERLING, W. 1994.Numeri-
cal recipesn C—Theart of scienti ¢ programming 2nded. CambridgeUniversity
PressJUK.

RossL, C., AND KOBBELT, L. 2000. Line-artRenderingof 3D Models. In Proceed-
ingsof Paci ¢ Graphics

SANDER, P., GORTLER, S., SNYDER, J., AND HOPPE, H. 2002. Signal-specialized
parametrizationin EurographicsWorkshopon Rendering2002

SHIMADA, K., AND L1AO, J. 1998.QuadrilateraMeshingwith DirectionalityControl
throughthe Packingof SquareCells. In 7th Intl. MeshingRoundtable61-76.

SHIMADA, K. 1996.AnisotropicTriangularMeshingof ParametricSurfacesvia Close
Packingof EllipsoidalBubbles.In 6th Intl. MeshingRoundtable63—74.

SIMPSON, R. B. 1994.AnisotropicMeshTransformationgandOptimalError Control.
Appl.Num.Math. 14(1-3) 183-198.

STAM, J., AND LOOP, C., 2002. Quad/trianglesubdvision. Preprint.

TAUBIN, G. 1995. Estimatingthe Tensorof Curvatureof a Surfacefrom a Polyhedral
Approximation. In Proceedingf Fifth International Confeenceon Computer
Vision, 902—-907.

TRICOCHE, X. 2002. Vectorand TensorField Topolagy Simpli cation, Tracking, and
Visualization PhDthesis Universitt Kaiserslautern.

TURK, G., AND BANKS, D. 1996. Image-GuidedStreamlinePlacement.In ACM
SIGGRAPHConfeenceProceedings453-460.

TURK, G. 1992. Re-Tiling PolygonalSurfaces. In ACM SIGGRAPHConfeence
Proceedings55-64.

VERMA, V., KAO, D. T., AND PANG, A. 2000. A Flow-guidedStreamlineSeeding
Stratgyy. In IEEE Misualization 163-170.



