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Abstract
In this paper, it is shown how the Discrete Smooth Interpolation
method (D.S.I.) may be used as a new framework for creating, fairing and editing triangulated surfaces. Given an arbitrary mesh with
an arbitrary set of vertices fixed by the user, D.S.I. assigns coordinates to the other nodes of the mesh, enabling the fixed vertices
to be interpolated smoothly. The squared discrete Laplacian criterion minimized by D.S.I. is an objective function similar to the
bending energy of a thin-plate. This approach fulfills the requirements of subdivision methods, in that it provides arbitrary topology,
simplicity, the possibility to define creases of variable sharpness, as
well as the convergence of recursive subdivisions to a smooth surface. It does not suffer from the limitations inherent to more classic
subdivision methods, such as the subdivision connectivity requirement. Moreover, D.S.I. offers a high degree of flexibility. It then
becomes possible to define the surface zones to be smoothed in order of preference. Furthermore, constraints linearly combining the
coordinates at the vertices of the surface may be taken into account
in a least square sense. As a result, a surface can be fitted to an arbitrary set of points with, or without, specified normals. The method
might also have important implications for multi-resolution editing
and mesh compression.
CR Categories: I.3.5 [Computational Geometry and Object Modeling]: curve, surface, solid and object representations
Keywords: Geometric Modeling, Curves and Surfaces, Mesh
Generation, Shape Blending, Level of Details Algoritms
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INTRODUCTION

Over the last few years, much interest has been aroused by methods
acting directly on polygonal meshes. The family of methods
known as subdivision enables a surface to be modeled as the result
of recursive refinements applied to an initial surface [DS78, CC78].
As far as parametric surfaces are concerned, the classic variational
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design methods [Gre94, MS92, Sei98] make it possible to construct
nicely shaped surfaces which satisfy a set of constraints. A hybrid
field known as discrete fairing [Kob97] has recently appeared. It
shares features of both subdivision and variational design. Whereas
subdivision consists of iteratively refining a given mesh using a
systematic rule, discrete fairing acts on an arbitrary mesh. This
mesh has a set of vertices fixed by the user, referred to as control
nodes, and the coordinates at the other vertices are assigned to
smoothly interpolate the control nodes. However, discrete fairing
still lacks several functionalities from both fields, such as modeling
creases of variable sharpness or fitting a surface to a set of points
with, or without, specified normals.

Discrete Smooth Interpolation (D.S.I.) [Mal89, Mal92, LM98]
combined with the developments presented in this paper enables
these latter requirements to be met. From a fairing point of
view, D.S.I. is made to minimize a fairness criterion known as
the squared discrete Laplacian. Whereas such functionals are
studied in previous work using a particular parameterization
[Kob97, KCVS98, WW94], it is studied here for any arbitrary
parameterization. In addition, an iterative solver has been designed
to obtain a real time response of the algorithm in an interactive
environment. As with any other discrete fairing method, D.S.I. may
be used as a subdivision method for iteratively refining meshes.
These methods have been implemented as the kernel of a modeler
widely used in the industry.

The article is organized as follows. Section 1 introduces subdivision, variational design and discrete fairing. In section 2, Discrete
Smooth Interpolation is presented as a discrete fairing method for
iteratively minimizing the squared Laplacian of an arbitrary mesh.
The issues of variable sharpness creases and blending are also addressed here. The D.S.I. method is extended in Section 3 to take
into account linear constraints in a least square sense. For instance,
how to fit a surface to a scattered set of points is demonstrated. The
last section concludes with suggestion for further research.
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BACKGROUND

Before going into the heart of the matter, it might be useful to introduce subdivision, variational design and discrete fairing, since
D.S.I. shares features from all three of these rapidly evolving domains. The purpose of this section is to show how these different
domains have evolved and how the D.S.I. method we introduce relates to them.

2.1

Subdivision

To create complicated shapes such as those involved in character
animations, polynomial patches and NURBs are often used. Several
well known limitations appear when creating complex models using
this kind of representation:
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• objects of complicated topology cannot be represented by a
single patch;
• connecting several patches to create objects of arbitrary topology while maintaining smoothness at the seams is tedious;
• modeling objects with arbitrary shaped borders may require
trimming the patches, known to cause numerical instabilities.
To overcome these problems, a family of approaches known as
subdivision has been studied. They recently proved to be efficient
in character animation, by making it possible to realize the short
film Geri’s game [DKT98]. As suggested in Figure 1, starting from
a given mesh M0 , referred to as the control mesh (see Figure 1-A),
rules are defined to systematically refine it. Thus, the mesh Mi+1
is obtained from Mi by modifying its topology in a simple way.
The coordinates at the vertices of Mi+1 are computed as a simple combination of the vertices of Mi , which defines a series of
meshes M0 , M1 , . . . M∞ . The rules to compute Mi+1 from Mi
are defined so that the series of meshes Mi converge to a smooth
surface M∞ (see Figure 1-D). Historically, the first two subdivision schemes discovered by Doo-Sabin [DS78] and Catmull-Clark
[CC78] converge, to biquadratic and bicubic B-Splines, respectively. The exact evaluation of Catmull-Clark surfaces, i.e. the evaluation of a point of M∞ from its parameter values, is addressed in
[Sta98]. Subdivision surfaces present the following usefull properties:
• the control mesh M0 can have an arbitrary topology;
• the refinement rules are simple, easy to implement and very
efficient;
• these methods work directly on polygonal meshes: a natural
representation for computer graphics. Moreover, the series
of generated meshes Mi provide an easy way to implement
levels of detail in real time environments.
Further, time and effort have been devoted to subdivision
schemes converging to various smooth surface families. The
middle-edge subdivision [PR97] and Loop’s scheme [Loo87]
converge to box splines. The Butterfly scheme [DLG90], acting
on triangulated surfaces, provides an interpolating rather than
an approximating scheme, i.e. the vertices of the control mesh
M0 are preserved. An interpolating scheme for surfaces based
on quadrilaterals rather than triangles was studied in [Kob96b].
In [CG91], the connections with free-form design are treated.
The simple subdivision rules implied in this family of methods
generate meshes of regular topology. However, since the mesh
M0 can be arbitrary, the connectivity of an original vertex may be
different from that of the generated vertices. For this reason, the
original vertices are referred to as extraordinary points. The special

Figure 1:

The D.S.I. method as an interpolating subdivision scheme for quadmeshes. A: control mesh M0 ; B: after one refinement step ; C: after two steps;
D: limit surface M∞ .

connectivities of extraordinary vertices prevent the Butterfly
scheme [DLG90] from converging to a G1 surface at all points.
This problem was resolved in [ZSS96]. As far as approximating
schemes are concerned, the analysis of the neighborhoods at
extraordinary points was studied in [Rei95, Sab91].
Several improvements of subdivision surfaces have been made
to provide the user with more functionalities. Thus, the ability to
tag certain edges of the control mesh M0 as creases, and vertices
as corners, was studied in [HDD+ 94], making it possible to create
Catmull-Clark surfaces with sharp edges. This was generalized
in [DKT98] to model fillets and blends as semi-sharp creases.
The issue of semi-sharp creases was also addressed in [SZSS98],
where NURSSes (Non Uniform Recursive Subdivision Surfaces)
are introduced as a non-uniform generalization of Doo-Sabin and
Catmull-Clark surfaces.

2.2

Variational Design

A different issue in geometric modeling is the problem of generating fair surfaces [Gre94, MS92], i.e. nicely shaped surfaces honoring a set of boundary conditions and constraints such as:
• interpolating data points with or without specified tangent
planes;
• generating surfaces smoothly interpolating the borders of
specified given surfaces (blending);
• smoothing an existing surface in a specified zone.
A review of existing methods in this field is given in [Sei98]. The
issue of generating fair surfaces is often referred to as variational
design. This consists in choosing a class of parametric functions
(u, v) → ϕ(u, v) = {ϕx (u, v), ϕy (u, v), ϕz (u, v)}, with more
degrees of freedom than necessary to honor the constraints, and

minimizing a given criterion to determine a unique function in the
class. A fairness functional F (ϕ) is then defined as a scalar characterizing the quality of the surface yielded by a function ϕ. A simplified expression of the bending energy of a thin plate FT hinP late
is often used (see, for instance [KHD93, Kal93]). Other possible
quadratic functionals are studied in [WW92, CG91]. As shown
in Equation 1, we propose to use the even more simplified approximation of the thin plate energy F∆2 , where ∆ϕν (u, v) denotes the Laplacian of a component of the function ϕ(u, v) =
{ϕx (u, v), ϕy (u, v), ϕz (u, v)}. The positive function µ(u, v) denotes a stiffness varying all over the surface. This stiffness enables
the user to give more importance to the smoothing of certain zones.
It is shown further in this article how this latter functional may be
used to smooth a polygonal surface.
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• modeling creases of variable sharpness;
• honoring a set of linear constraints such as fitting the surface
to a scattered set of points, with, or without, specified normals.
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µ(u, v). {∆ϕν (u, v)}2 .dudv

(u, v) +

∂ 2 ϕν
∂v 2

(u, v)

(1)
The surfaces that can be represented using variational design
are often defined as piecewise polynomials. Recent research
has been devoted to the direct application of variational design
methods to polygonal meshes of arbitrary topology. Subdivision
schemes have been studied to enable convergence to a smooth
surface which minimizes a fairing functional. For instance, thin
plate splines are addressed in [WW98]. Kobbelt [Kob96a] has
shown how fairing functionals might be discretized by using finite
differences, and how new subdivision schemes might be derived
from a so-discretized fairing functional.

2.3

• specifying a variable stiffness µ all over the surface, making
it possible to select in order of preference the surface zones to
be smoothed;

Discrete Fairing

Despite the obvious advances referred to above, the stationary
schemes used to construct subdivision surfaces do not offer much
user interaction. For instance, the resulting smooth surface M∞
may present unwanted oscillations where the control mesh M0 is
too dense and irregular. Even when using the extensions enabling
creases to be modeled [HDD+ 94, DKT98, SZSS98], often, the
only way to correct these oscillations is to modify the control
mesh. Another family of methods, known as discrete fairing
[Kob97, Kob98, KCVS98, WW94, Mal89, Mal92], offers more
flexibility. Whereas subdivision consists of iteratively refining a
control mesh M0 using a systematic rule, discrete fairing acts on
an arbitrary mesh. This mesh has a set of anchored nodes, referred
to as control nodes, and the other nodes are moved to smoothly
interpolate these control nodes. Clearly, this scheme encompasses
interpolating subdivision, since a subdivision mesh Mi might be
thought of as a discrete fairing mesh where the original points (the
vertices shared with the original mesh M0 ) are tagged as control
nodes. Unwanted oscillations may then be easily removed by
unlocking control nodes in the zones concerned.
This article introduces extensions of D.S.I. [Mal89, Mal92,
LM98], making it act as a new discrete fairing method. The somodified D.S.I. method enables discrete fairing to be enhanced with
functionalities from both the variational design and the subdivision
field, such as:
• defining an iterative solver enabling a polygonal surface of
arbitrary topology to be interactively edited;
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Figure 2:

Smoothing arbitrary meshes. A: The red cubes correspond to control
nodes, all the other nodes have been interpolated. Note that the topology of the mesh
and the repartition of the control nodes are completely arbitrary ; B: Smoothing a
volumic mesh. The nodes on the border have been tagged as control nodes and interior
nodes have been interpolated.

A triangulated mesh M is defined to be a triplet {Ω, E, T }
where Ω = {α1 , . . . αN } denotes the vertices of the triangulation, E denotes the edges and T the triangles. The geometric location at the vertices of the triangulation may be thought of as the
sampling of an unknown continuous parametric function ϕ which
puts Ω in correspondence with a set of points of R3 {ϕ(α) =
ϕ(uα , vα ), α ∈ Ω}. Given a set of nodes L ⊂ Ω, referred to
as control nodes, where the value of ϕ is given, and the set of nodes
I = Ω − L where ϕ is unknown, the discrete fairing problem in its
simplest form consists in assigning the values of ϕ at the nodes of
I while minimizing a functional F (ϕ). Since ϕ is only represented
at the vertices of the mesh M, the functional F (ϕ) is estimated using the values of ϕ at the vertices of M. In what follows, it is then
shown how the integral of the squared Laplacian may be approximated and minimized over a triangulated surface. Based on this
approximation, the iterative fairing algorithm will be introduced.
In addition, the next section shows how to take into account linear
constraints in a least square sense.
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Approximating the Laplacian on a triangulated surface.

3.1

Discrete Laplacian on Triangulated Surfaces

The Laplacian ∆ϕν (u, v) of a given function ϕν at parameters
(u, v) is given in Equation 2 below. Our goal is now to approximate this Laplacian on a triangulated surface. As can be seen, the
Laplacian characterizes parametric functions, and for this reason, a
parameterization of the triangulated surface has to be chosen. Constructing a global parameterization of a triangulated surface is possible [LM98], but this clearly limits the scope of the study to open
surfaces homeomorphic to disks.
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The coefficients τ (α̂|T ) denote the absolute value of the cotangent in parameter space of the angle at the vertex α of the triangle
T:
τ (α̂|T (k, α, β)) = |cotg(α̂)|

(7)

Given these coefficients, it is possible to sort them by the vertex
they are associated with. Equation 8 gives the so-obtained v α (k)
coefficients enabling the discrete Laplacian Dϕν (k) p
to be computed. Note the arbitrary multiplication by the term 3/ |D(k)| to
help simplify later expressions. In this equation, N (k) denotes the
set of vertices directly connected to k, including k. As shown in
Figure 3-B, the triangles TL and TR are defined as the two triangles
sharing the edge E(k, α). The vertices αL and αR are the vertices
opposite to E(k, α) in TL and TR , respectively. The remaining coefficients B α (k) are border correction coefficients, defined below.
β+
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β-

D (k)

v
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k

u

div(gradϕν )(u, v)dudv

(6)

ϕν (k).{−τ (αˆ2 |T ) − τ (αˆ1 |T )}

(3)

An expression of the Laplacian equivalent to Equation 2 is given
by ∆ϕν = div(gradϕν ), which enables the previous expression to
be simplified, by applying the Green Gauss theorem (see Equation
4). The vector N denotes the normal to the border ∂D(k) of D(k)
which points outwards D(k). The integral on the domain D(k) has
been replaced by the simpler integral along the curve ∂D(k). It
should be mentioned that in our case, applying this theorem introduces an approximation since the polygon D(k) is not a C 1 curve.

(5)

It
can
be
shown
that
the
expression
|E(α1 , α2)|.gradΦν (T ).NT can be rewritten as a linear
combination of the values of ϕν at the three vertices of the triangle
T (k, α1 , α2 ) (see Equation 6):

D(k)

∆ϕν (uk , vk )

|E(α1 , α2 )|.gradΦν (T ).NT

T (k,α1 ,α2 )⊂D(k)

(2)

To estimate the Laplacian at a given vertex k, the triangulated
surface is considered as a sampling of an unknown C 2 function
ϕ(u, v) = {ϕx (u, v), ϕy (u, v), ϕz (u, v)} defined over the domain
D(k) of the vertex k (see Figure 3). Then, considering a component
ν ∈ {x, y, z}, the discrete Laplacian Dϕν (k) at the vertex k is
defined to be an estimation of the Laplacian of ϕν , using the known
values of ϕν at the vertices α ∈ N (k).
The first approximation we do is to consider the Laplacian to
be approximately equal to its average value on the domain D(k),
where |D(k)| denotes the area of D(k):
∆ϕ (uk , vk ) '

∆ϕν (k)
1
.
|D(k)|

To overcome this problem, a common practice is to use local
parameterizations. Given a vertex k, its neighborhood N (k) is defined to be the set of nodes directly connected to k, including k. A
local parameterization consists in assigning (uα , vα ) coordinates
to the vertices α ∈ N (k). The domain D(k) shown in Figure 3 is
defined to be the polygon in parameter space defined by N (k)
Projecting on an estimated tangent plane to define a local parameterization is clearly not a good idea, since it may result in overlaps
in the highly curved regions. The symmetric parameterization
used in [KCVS98] consists in evenly positioning the neighbors of
the considered vertex k on a circle. Another possibility is given
by the exponential map (also referred to as geodesic polar map)
used in [WW92]. In what follows, the Laplacian is computed for
an arbitrary parameterization. It should be mentioned that the
symmetric parameterization can be computed very quickly, since it
solely depends on the number of vertices, whereas the exponential
map is less sensitive to the heterogeneities of the sizes of the triangles. Given one of these three possible parameterization (global,
uniform or exponential map), how to estimate the Laplacian on a
triangulated surface and minimize it is explained below.

Z

gradΦν (u, v) is thus constant over each triangle T (k, α1 , α2 ) of
D(k) and is denoted gradΦν (T ). The normal vector N is also
constant for each triangle T and is denoted NT . As suggested in
Figure 3-A, the curvilinear integral along the border of D(k) can
then be replaced by the following sum on the triangles of D(k).
The length of the edge E(α1 , α2 ) in parameter space is denoted by
|E(α1 , α2)|.

α-

Figure 4: Computation of the border correction coefficients B α (k) to be taken into
account when the vertex k lies on the border of the surface.
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gradϕν (s).N(s).ds

∂D(k)

Since the value of ϕν is only known at the vertices of N (k),
it is natural to use on each triangle the piecewise linear interpolation Φν to approximate ϕν on the domain D(k). The gradient
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As shown in Figure 4, the computation of the discrete Laplacian
Dϕν (k) at a node k on the border of the surface requires additional
coefficients B α (k), since the border ∂D(k) of the integration domain comprises two additional edges (k, α+ ) and (k, α− ). These
two edges have to be taken into account when integrating along the
border of D(k), (see Equation 4). This yields the following border
correction coefficients B α (k).
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Given a triangulated surface {Ω, E, T } and a subset of the vertices
L ⊂ Ω tagged as control nodes, our purpose is now to make the
other vertices of I = Ω − L smoothly interpolate the control nodes.
This can be achieved by minimizing the discrete functional FD2 approximating the functional F∆2 . The coefficient 1/3 comes from
the fact that each triangle is taken into account three times when integrating (once per vertex of each triangle). The given positive coefficients µ(k) corresponds to the stiffness of the surface and enable
the user to modulate the fairing all over the surface. The function
ϕν denotes one of the three components of ϕ = {ϕx , ϕy , ϕz }.

=

ν∈{α,β,γ}

'
FD2 (ϕ)

D

Figure 5:

The classic monkey saddle problem consists in generating a blending surface which smoothly connects six planes radiating in different directions. A: Control
mesh M0 . The red cubes are control nodes, the other nodes are free to move ; B:
Result after applying D.S.I. ; C: Result after one subdivision step ; D: Limit surface
M∞ .
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By using the expression of the v α (k) coefficients (see Equations
8 and 9), enabling the Laplacian to be approximated, it is possible
to give the following
p expression of the discrete functional FD2 .
The coefficient 3/ |D(k)| arbitrarily introduced in the Equation 8,
giving the v α (k) coefficients, are simplified when introduced into
Equation 10.

Based on Equation 12, the following algorithm iteratively computes the assignments of (ϕx , ϕy , ϕz ) coordinates while minimizing the discrete functional FD2 (ϕ) given in Equation 11. Mallet
[Mal89, Mal92] proved that this algorithm converges to a unique solution, provided that the following conditions are satisfied (as when
using the v α (k) coefficients previously introduced).
1. The set I of anchored control nodes is non-empty.
2. ∀k ∈ Ω, ∀α ∈ N (k)
3. ∀k ∈ Ω,

=
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everywhere else

The Discrete Smooth Interpolation Method

P

B

(9)

Remark: Using the symmetric parameterization on a regular
mesh where all vertices are of degree 6 (the degree of a vertex denotes the number of vertices connected to it), all the triangles in
parameter space are equilateral. The known result [KCVS98] to
within a constant multiplying factor is then obtained, i.e. v α (k) =
1 for k ∈ N (k) − {k} and v k (k) = degree(k).
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The minimum of this functional FD2 (ϕ) in function of ϕν (α)
is reached if ∂FD2 /∂ϕν (α) = 0 for all ν ∈ {x, y, z}. This yields
the following equation (see Equation 12).

v k (k) =

v α (k) > 0

P

α∈N (k)−{k}

v α (k)

let I be the set of nodes where ϕ is unknown
let ϕ[0] be a given initial approximated solution
while (more iterations are needed) {
for all( α ∈ I ) {
for all( ν ∈ {x, y, z}) ϕν (α) := −
}
}

Gν (α)
g ν (α)

3.3

for α 6= k and v k (k) = −degree(k), this requirement will
be met. Moreover, these trivial coefficients may be used on
meshes of arbitrary topology. The meshes shown in Figure
2 at the beginning of the section have been obtained using
these coefficients. However, for a triangulated surface, the
best results are arrived at using more sophisticated parameterizations, such as the exponential map [WW94]. The proposed
algorithm may be seen as a multigrid solver for the D.S.I.
equation. Using more optimized multigrid approaches may
lead to improve the performances. However, the simple algorithm presented here acts at a reasonable speed and allows
interactivity.

Subdivision Surfaces Based on D.S.I.

The algorithm introduced in the previous section is iterative, which
means it can benefit a great deal from an initial guess ϕ[0] . Within
the framework of an interactive modeler, the surface obtained after
the intervention of the user, such as moving control nodes, locking/unlocking vertices, may be considered as an initial guess. In
practice, the D.S.I. algorithm converges in real time after user interactions (it takes a few seconds to update a surface of several
thousands of triangles on a SGI R10000 machine). Based on this
remark, D.S.I. could be considered as a possible refinement scheme
for defining subdivision surfaces. The mesh Mi+1 is obtained by
splitting the polygons of the mesh Mi and smoothing it using D.S.I.
At any given step, only the vertices shared with M0 are set as control nodes. This yields the following algorithm:
let M0 be the initial control mesh.
set all the vertices of M0 as control nodes.
while (more iterations are needed) {
Mi+1 ← Mi
split all the polygons of Mi+1
apply D.S.I. to Mi+1
i←i+1
}

What follows deals with modeling creases of variable sharpness.
Even more flexibility will be introduced in the next section by making the surface fit a set of scattered data points. More generally,
linear constraints will be taken into account in a least square sense.

3.4

Modeling Creases of Variable Sharpness

The commonly admitted requirements for subdivision surfaces are
sum up below:
1. The input mesh M0 can be of arbitrary topology.
This requirement is clearly satisfied by our method.
2. The series of recursively refined meshes Mi should converge to a smooth surface M∞ .
The existence and the unicity of the solution at each step Mi
was proven in [Mal89, Mal92]. The D.S.I. method is a discrete fairing method, which means that at each step i, all the
vertices (except the control nodes) are free to move (whereas,
in stationary subdivision schemes, all the vertices of the mesh
Mi are locked when computing the mesh Mi+1 ). Thus, the
convergence and unicity for a given mesh Mi mean that it is
always possible to obtain a smooth surface at an arbitrary level
i. The convergence of the so-obtained series Mi has always
been observed in practical application, but the formal proof of
this convergence is still an open problem. However, as can be
easily checked, the discrete functional FD2 (ϕi ) converges to
the functional F∆2 (ϕi ) when i → ∞, where ϕi corresponds
to the geometry of the mesh Mi .
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3. It should be possible to tag edges as creases of variable
sharpness.
As shown later on, creases can be introduced by a simple modification.
4. The control should be local, i.e. modifying a vertex should
have an influence on a limited zone around that vertex.
From the local update scheme (see Equation 12), it can be
seen that two rings of control nodes act as a tight barrier
for D.S.I while providing an Hermite-type limit condition.
This suggests a user interface similar to what was proposed
in [KCVS98], where the user chooses a zone of influence on
the surface before modifying it.
5. The refinement rules should be simple and easy to compute.
By choosing the simplest expressions for the v α (k) coefficients, yielded by a symmetric parameterization: v α (k) = 1

Figure 6: Modeling variable sharpness creases. A: Control mesh M0 representing a

cube. Its eight vertices are set as control nodes ; B: Limit surface M∞ ; C: The edges
of the top and bottom faces have been set as infinitely sharp creases. The resulting
surface mimics a soap film ; D,E: Decreasing the sharpness of the creases ; F: The
limit surface obtained for another set of edges tagged as infinitely sharp creases.

It is easy to model creases of variable sharpness by modulat-

ing the v α (k) coefficients defining the criterion to be minimized by
D.S.I. (see Equation 8). A crease is then defined to be a set of vertices C connected by a set of edges of the triangulation, defining a
polygonal curve. Each crease is provided with an associated sharpα
ness factor. The new coefficients vC
(k) to be applied to a vertex k
when introducing the crease C are given below in Equation 13.

 α
vC (k) =




 k
vC (k)







α
vC
(k)

1
.v α (k)
1+sharpness

P

=
=

α
vC
(k)

if k ∈ C and α ∈
/C
if k ∈ C

α∈N (k)−{k}
α

v (k)

otherwise

(13)
A corner it then defined to be a crease C comprising a single vertex. When creases are used in the subdivision algorithm previously
introduced, the vertices inserted into an edge belonging to a crease
C are added to C.

4

LEAST SQUARE FITTING AND OTHER
CONSTRAINTS
























λ1 .ϕx (α1 ) + λ2 .ϕx (α2 ) + λ3 .ϕx (α3 ) = Px
i

(cPx )
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y

y
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(cPy )

z

z

z

Pzi
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λ1 .ϕ (α1 ) + λ2 .ϕ (α2 ) + λ3 .ϕ (α3 ) =
λ1 .ϕ (α1 ) + λ2 .ϕ (α2 ) + λ3 .ϕ (α3 ) =

i

i

P

{(ϕν (α3 ) − ϕν (α2 )).Nν }

=

0

(c1N )

P

{(ϕν (α1 ) − ϕν (α3 )).Nν }

=

0

(c2N )

P

{(ϕν (α2 ) − ϕν (α1 )).Nν }

=

0

(c3N )

(14)

i

ν∈{x,y,z}

i

ν∈{x,y,z}

i

ν∈{x,y,z}

Note that these constraints linearly combine the components of
ϕ at a set of surface vertices. The general form for such a constraint
is then given in Equation 15 below, where ν denotes one of the
three components x, y, z of ϕ. To balance the equations, it should
be stressed that these
should be normalized, i.e. they
Pconstraints
P
should be such that α ν {Aνc (α)}2 = 1.

The ability to specify creases of variable sharpness enables the control mesh M0 to be simplified to a large extent, by making it possible to model zones of high curvature without requiring that the
control mesh in these zones be densified. However, at that point,
the only way to alter the geometry of a surface is to act on the control mesh M0 directly. To provide more possibilities for user interaction, this section shows how D.S.I. can be extended to take into
account linear constraints. The example of honoring data points
with, or without, normals is developed here.

4.1

Fitting Triangulated Surfaces to Scattered
Data

A

B

Fitting data points. A: Mesh M0 roughly approximating a face. The
yellow lines have been drawn by the user to refine the model ; B: Limit surface M∞ .
The surface has been attracted by the yellow lines.

Figure 8:
Ni

Ni

Pi
α2

α1

α∈Ω

pi
αo

X

Ti

X

Aνc (α).ϕν (α)

=

bc

(15)

ν∈{x,y,z}

Using this formalization, the three positional constraints cxPi ,
cyPi and czPi to be honored in order to fit a data point Pi =
{Pxi , Pyi , Pzi } are given by:

Figure 7:

Positional and normal constraints. Given a data point Pi attracting the
surface at a given point pi , the surface should be interpolated while moving pi to Pi .
It is also possible to specify a normal vector Ni to be honored.

As shown in Figure 7, given a set of points Pi attracting the
surface at the point pi , the purpose of data fitting is to minimize the
sum of the squared distances between the points Pi and the points
pi . In addition, each point Pi may be provided with a normal Ni to
be honored as well (the triangle Ti containing pi should be made
orthogonal to Ni ). This yields the following positional constraints
cPxi , cPy and cPzi , and the normal constraints c1Ni , c2Ni and c3Ni .
i
The coefficients (λ1 , λ2 , λ3 ) denote the barycentric coordinates of
pi in Ti . The vertices (α1 , α2 , α3 ) are the three vertices of Ti .

∀ν ∈ {x, y, z},



















∀α ∈ {α1 , α2 , α3 },

Acν (αi ) = λi /a

∀α ∈
/ {α1 , α2 , α3 },

A cν
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Pi

=0
(16)

b cν

Pi

a=

= Pν
i /a

p

λ21 + λ22 + λ23

Each normal vector Ni specified at a triangle Ti =
{α1 , α2 , α3 } yields three normal constraints c1Ni , c2Ni and c3Ni .
The specified normal is supposed to be a unit vector:
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c (α)
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c (β).ϕ (β)
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2
{Aν
c (α)}

(20)

As shown in Figure 8, this constrained interpolation method may
be introduced in the subdivision algorithm presented in the previous section. In that case, when initializing the mesh Mi+1 from
the mesh Mi , the constraints have to be assigned to the right vertices. They can be easily found from the barycentric coordinates
λ1 , λ2 , λ3 involved in the positional constraints.

(17)

How D.S.I. may be modified to take into account the so-defined
linear constraints is then shown below.

4.2









∀ν = {x, y, z}

Constrained Discrete Smooth Interpolation

The discrete functional F ∗ (ϕ) defined in Equation 18 below characterizes both the fairness of ϕ and the degree of violation of the
constraints. The term FD2 is the integrated squared discrete Laplacian (see Equation 11). The second term ρ(ϕ) is added to take into
account the set of constraints C where each data point Pi yields
the positional constraints cPxi , cPy and cPzi and/or the normal coni

straints c1Ni , c2Ni and c3Ni . As often done in data fitting methods,
this term ρ(ϕ) is weighted by a φ fitting factor enabling the user
to tune the importance of the constraints relative to the fairing. In
addition, each individual constraint c is modulated by a coefficient
$c , which makes it possible to tune its importance relative to the
other constraints:

F ∗ (ϕ)

ρ(ϕ)

=

FD2 (ϕ) + φ.ρ(ϕ)

=

P

$c .



c∈C

P

P

ν
Aν
c (α).ϕ (α)



− bc

2

ν∈{x,y,z} α∈Ω

(18)

Minimizing the functional F ∗ (ϕ) can be realized with an algorithm similar to the one presented in the previous section. The local
updating scheme has to be completed with additional terms corresponding to the constraints (see Equations 19 and 20). The terms
Gν (α) and g ν (α), induced by the squared discrete Laplacian, are
not modified (see Equation 12 above).
Gν(α)+φ.Γν (α)

ϕν (α) := − gν (α)+φ.γ ν (α)







Γν (α)

=

P

$c .Γν
c (α)

P

$c .γcν (α)

c∈C

γ ν (α)

=

(19)

c∈C

Each individual constraint c yields the terms shown in Equation
20 below. Note that the term xνc (α) is always null for a constraint
c that does not combine the components x, y, z of ϕ, such as the
positional constraints cPνi .

5

CONCLUSION

In this paper, we have presented the D.S.I. method, a new technique for discrete fairing. As compared to similar approaches,
our method enables linear constraints to be honored in a least
square sense. For instance, it is possible to fit a set of points
with, or without, specified normals. It provides a modeling
interface for editing polygonal meshes similar to variational design
[Gre94, MS92, Sei98], without any restriction regarding the
topology of the objects. Moreover, our method does not require an
estimate of the normals as in [WW94], and also allows for the use
of an arbitrary parameterization for estimating the Laplacian.
When used as a subdivision method, as with any discrete fairing
approach, D.S.I. offers more flexibility than stationary schemes.
During the process, it then becomes possible to lock,unlock or
move arbitrary vertices to have a finer control on the final surface.
Moreover, since the updating scheme is the same for all vertices, no
special treatment is required for extraordinary points. Furthermore,
when creating the mesh Mi+1 from the mesh Mi , the fact that no
subdivision connectivity is required makes it possible to split the
polygons adaptively, i.e. in high curvature zones only.
Multi-resolutional aspects will be considered in future research.
In a multi-resolution approach, such as the one presented in
[KCVS98], it would be interesting to study the influence of the linear constraints at an arbitrary resolution level. It would then be
possible to fit a surface rich in fine-scale textural details to a set of
data points without blurring those details. Figure 8 suggests that an
interaction model similar to the one provided by the Wires deformation technique [SF98] might be designed as well. In the framework
of mesh compression, D.S.I. might be used as a predictor, meaning
that just the difference between the surface interpolated by D.S.I.
and the data needs to be stored. When used as a progressive description within a networked environment, the iterative D.S.I. algorithm enables a smooth transition between the different levels of
details as they are loaded. Future research will include the definition of new linear constraints, the investigation of other functionals
to be approximated and optimized, and applications of the method
to volumic meshes.
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A

B

Figure 9:

Modeling blending surfaces between a given set of cylinders. A: Limit
surface M∞ ; B: Mesh smoothed by D.S.I.

A
Figure 10:

B

A: original surface. The red cubes correspond to control nodes ; B:
The surface obtained by applying D.S.I., The edges of the cube have been tagged as
infinitely sharp creases and its vertices as corners.

A

B

C

D

E

F

G

I

H

J

A,B,C,D: Meshes M0 , M1 , M2 and limit surface M∞ . Infinitely sharp creases are highlighted in yellow in M0 ; E: Closeup of the thumb nail ; F,G,H: A
cartoon-like character obtained by smoothing a simple mesh M0 ; I,J: Data points have been honored to inflate the nose.

Figure 11:

